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Preface to the Second Edition

This monograph is an expanded and revised version of a set of lecture notes for
the graduate courses given by the author both at Hiroshima University (1995
1997) and at the University of Tsukuba (1998-2000) which were addressed to
the advanced undergraduates and beginning-graduate students with interest
in functional analysis, partial differential equations and probability.

The first edition of this monograph, which was based on the lecture notes
given at the University of Tsukuba (1988-1990), was published in 1991. This
edition was found useful by a number of people, but it went out of print after
a few years.

This second edition has been revised to streamline some of the analysis and
to give better coverage of important examples and applications. The errors
in the first printing are corrected thanks to kind remarks of many friends.
In order to make the monograph more up-to-date, additional references have
been included in the bibliography.

This second edition may be considered as a short introduction to the more
advanced book “Semigroups, boundary value problems and Markov processes”
which was published in the Springer Monographs in Mathematics series in
2004. For graduate students working in functional analysis, partial differential
equations and probability, it may serve as an effective introduction to these
three interrelated fields of analysis. For graduate students about to major in
the subject and mathematicians in the field looking for a coherent overview,
it will provide a method for the analysis of elliptic boundary value problems
in the framework of LP spaces.

My special thanks go to the editorial staffs of Springer-Verlag for their
unfailing helpfulness and cooperation during the production of this second
edition.

This research was partially supported by Grant-in-Aid for General Scien-
tific Research (No. 19540162), Ministry of Education, Culture, Sports, Science
and Technology, Japan.
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VIII Preface to the Second Edition

Last but not least, I owe a great debt of gratitude to my family who gave
me moral support during the preparation of this book.

Tsukuba, Kazuaki Taira
March 2009



Preface to the First Edition

This monograph is devoted to the functional analytic approach to a class of
degenerate boundary value problems for second-order elliptic differential oper-
ators which includes as particular cases the Dirichlet and Neumann problems.
We prove that this class of boundary value problems provides a new example
of analytic semigroups both in the LP topology and in the topology of uniform
convergence. As an application, we show that there exists a strong Markov
process corresponding to such a diffusion phenomenon that either absorption
or reflection phenomenon occurs at each point of the boundary. Furthermore,
we study a class of initial-boundary value problems for semilinear parabolic
differential equations.

This monograph is an expanded version of a set of lecture notes for the
graduate courses given by the author at the University of Tsukuba between
1988 and 1990. We confined ourselves to the simple boundary condition. This
makes it possible to develop our basic machinery with a minimum of bother
and the principal ideas can be presented concretely and explicitly. I hope that
this monograph will lead to a better insight into the study of three interrelated
subjects: elliptic boundary value problems, analytic semigroups and Markov
processes. For additional information on many of the topics discussed here,
I would like to call attention to my previous book Diffusion Processes and
Partial Differential Equations, Academic Press, 1988.

I would like to express my hearty thanks to many colleagues and graduate
students in my courses, whose helpful criticisms of my lectures resulted in a
number of improvements. The manuscript is typeset in a camera-ready form

using AMS-TEX.

Tsukuba, Kazuaki Taira
April 1991
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1

Introduction and Main Results

In this introductory chapter, our problems and results are stated in such
a fashion that a broad spectrum of readers could understand, and also de-
scribed how these problems can be solved, using the mathematics presented
in Chapters 2 through 4.

In 1828, the English botanist R. Brown observed that pollen grains sus-
pended in water move chaotically, incessantly changing their direction of mo-
tion. The physical explanation of this phenomenon is that a single grain suffers
innumerable collisions with the randomly moving molecules of the surround-
ing water. A mathematical theory for Brownian motion was put forward by
A. Einstein in 1905 ([Ei]). Einstein derived an accurate method of measur-
ing Avogadro’s number by observing particles undergoing Brownian motion.
Einstein’s theory was experimentally tested by J. Perrin between 1906 and
1909.

Brownian motion was put on a firm mathematical foundation for the first
time by N. Wiener in 1923 ([Wi]). Wiener characterized the “starting afresh”
property of Brownian motion that if a Brownian particle reaches a position,
then it behaves subsequently as though that position had been its initial
position.

Markov processes are an abstraction of the idea of Brownian motion.
In the first works devoted to Markov processes, the most fundamental was
A. N. Kolmogorov’s work in 1931 ([Ko]) where the general concept of a
Markov transition function was introduced for the first time and an analytic
method of describing Markov transition functions was proposed. From the
viewpoint of analysis, the transition function is something more convenient
than the Markov process itself. In fact, it can be shown that the transition
functions of Markov processes generate solutions of certain parabolic partial
differential equations such as the classical diffusion equation; and, conversely,
these differential equations can be used to construct and study the transition
functions and the Markov processes themselves.

In the 1950s, the theory of Markov processes entered a new period of inten-
sive development. We can associate with each transition function in a natural

K. Taira, Boundary Value Problems and Markov Processes, 1
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 1,
(© Springer-Verlag Berlin Heidelberg 2009



2 1 Introduction and Main Results

way a family of bounded linear operators acting on the space of continuous
functions on the state space, and the Markov property implies that this fam-
ily forms a semigroup. The Hille-Yosida theory of semigroups in functional
analysis made possible further progress in the study of Markov processes. The
semigroup approach to Markov processes can be traced back to the pioneering
work of Feller in early 1950s ([Fel], [Fe2]).

Now let D be a bounded domain of Euclidean space RY, with smooth
boundary dD; its closure D = DU D is an N-dimensional, compact smooth
manifold with boundary. We let

N

i 0
A= Z &Tﬁxj + z; b'(@) Ox; + ()

3,7=1 i=

be a second-order, elliptic differential operator with real smooth coefficients
on D such that:

(1) a¥(x) = a/(x) for allz € D and 1 <i,5 < N.
(2) There exists a positive constant ag such that

N
Z 2)&&; > agl€]? for all (z,6) € D x RN,

(3) ¢(x) <0on D.

We consider the following boundary value problem with spectral param-
eter: Given functions f(z) and ¢(2’) defined in D and on 9D, respectively,
find a function u(z) in D such that

(A=XNu=f in D,
{Lu = ,u(:c')gﬁ +y(@"Yu=¢ ondD. (1.1)

Here:

(4) X is a complex parameter.

(5) w(a’) and y(z') are real-valued, smooth functions on the boundary 9D.

(6) n = (n1,n9,...,ny) is the unit interior normal to the boundary 9D (see
Figure 1.1).

We remark that if p(z’) # 0 and v(2') = 0 on 9D (resp. p(z') = 0 and
~v(z') # 0 on dD), then the boundary condition L is essentially the so-called
Neumann (resp. Dirichlet) condition.

It is easy to see that problem (1.1) is non-degenerate (or coercive) if and
only if either p(z") # 0 on 9D or p(x’) = 0 and y(z’) # 0 on dD. The genera-
tion theorem of analytic semigroups is well established in the non-degenerate
case both in the L topology and in the topology of uniform convergence (cf.
Friedman [Fr1], Tanabe [Tn], Masuda [Ma], Stewart [Sw]).
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0D

Fig. 1.1.

In this book, under the condition that p(z’) > 0 on 9D we shall consider
the problem of existence and uniqueness of solutions of problem (1.1) in the
framework of Sobolev spaces of L? type, and generalize the generation theorem
of analytic semigroups to the degenerate case.

First, we give a fundamental a priori estimate for problem (1.1).

If 1 <p< oo, welet

LP(D) = the space of (equivalence classes of) Lebesgue
measurable functions u(z) on D such that |u(z)[?

is integrable on D.

The space LP(D) is a Banach space with the norm

full = (| |u<x>|pdx)1/p.

If m is a non-negative integer, we define the usual Sobolev space

W™P(D) = the space of (equivalence classes of) functions
u € LP(D) whose derivatives D%u(z), |a] < m,

in the sense of distributions are in L?(D).

The space W P(D) is a Banach space with the norm

1/p
g = | 3 [ 1Dulw)pds
laj<m P
We remark that
WOP(D) = LP(D); || llop = Il - llp-

Furthermore, we let

B™~1/PP(9D) = the space of the boundary values @(z') of functions
u € W™P(D).
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In the space B™~1/P?(9D), we introduce a norm

‘(p|m71/p,p = inf ||'U/||m,p7

where the infimum is taken over all functions u € W ?(D) which equal ¢(a’)
on the boundary dD. The space B™~/P?(9D) is a Banach space with respect
to this norm | - |,/ ,; more precisely, it is a Besov space (cf. [BL], [Th],
Ti)).

Then we have the following result:

Theorem 1.1. Let 1 < p < co. Assume that the following two conditions (A)
and (B) are satisfied:

(A) p(z') >0 on OD.
(B)v(z') <0 on M ={a’ € OD : p(a’) = 0}.

Then, for any solution u € W*P(D) of problem (1.1) with f € LP(D) and
@ € B2~1/PP(9D) we have the a priori estimate

lullz.p < CO) (1fllp + [#l2-1/p,p + llullp) » (1.2)

with a positive constant C(X) depending on X.

It should be emphasized that problem (1.1) is a degenerate elliptic bound-
ary value problem from an analytical point of view. This is due to the fact that
the so-called Lopatinskii-Shapiro complementary condition is violated at each
point 2’ of the set M. Amann [Am] studied the non-degenerate case; more pre-
cisely, he assumes that the boundary 9D is the disjoint union of the two closed
subsets M = {z' € D : u(z') = 0} and 9D \ M = {2/ € 9D : u(z') > 0},
each of which is an (N — 1) dimensional compact smooth manifold.

Here it is worth while pointing out that the a priori estimate (1.2) is the
same one for the Dirichlet condition: p(z’) = 0 and v(z') # 0 on 0D (cf.
[ADN], [LM]).

Now we state a generation theorem of analytic semigroups in the L? topol-
ogy.

We associate with problem (1.1) a unbounded linear operator A, from
L?(D) into itself as follows:

(a) The domain of definition D(A,) of A, is the set
2 ! ou !
D(4,) = {u e W2P(D) : Lu = u(x )6n + (2" yu = O} . (1.3)

(b) Apu= Au, u € D(A4,).
The next theorem is an LP version of Taira [Tal, Theorem 1]:

Theorem 1.2. Let 1 < p < oo. Assume that conditions (A) and (B) are
satisfied. Then we have the following two assertions:
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(1) For every positive number e, there exists a positive constant ry,(g) such
that the resolvent set of A, contains the set

Sp(e) = {A=r2? 1 >ry(e), —r+e<O<7—c},

and that the resolvent (A, — A\ )™' satisfies the estimate

(A, = AD) || < CT/(\E) for all X € 3, (e), (1.4)

where ¢, (€) is a positive constant depending on .
(i1) The operator A, generates a semigroup U, on the space LP(D) which is
analytic in the sector

A.={z=t+is:z#0,|argz| < 7/2 — ¢}

for any 0 < e < 7/2 (see Figure 1.2).

Zp(e)

X \|A|:rp<e>2 A,
AN
e s (y 0

Fig. 1.2.

Secondly, we state a generation theorem of analytic semigroups in the
topology of uniform convergence.

Let C'(D) be the space of real-valued, continuous functions f(z) on D. We
equip the space C(D) with the topology of uniform convergence on the whole
D; hence it is a Banach space with the maximum norm

[flloo = max|f(x)].
zeD

We introduce a subspace of C'(D) which is associated with the boundary
condition L. We remark that the boundary condition

Lu= u(m’)gz +~v(z")u=0 ondD
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includes the condition
u=0 onM={z"€dD:pu(z') =0},
if y(z') # 0 on M. With this fact in mind, we let
Co(D\M)={ueC(D):u=0o0n M}.

The space Co(D\ M) is a closed subspace of C'(D); hence it is a Banach space.
Furthermore, we introduce a unbounded linear operator 2 from Cy(D \ M)
into itself as follows:

(a) The domain of definition D() of A is the set
D) ={ue Co(D\M): Auec Co(D\ M), Lu=0}. (1.5)

(b) Au = Au, u € D(A).
Here Au and Lu are taken in the sense of distributions (see Chapter 9).

Then Theorem 1.2 remains valid with LP(D) and A, replaced by Co(D\ M)
and 2, respectively. More precisely, we can prove the following;:

Theorem 1.3. Assume that condition (A) and the following condition (B')
(replacing condition (B)) are satisfied:

(B')v(x') <0 on 0D and y(z') <0 on M = {2z’ € D : u(z') = 0}.
Then we have the following two assertions:

(i) For every positive number e, there exists a positive constant () such that
the resolvent set of A contains the set

Se)={A=r?e?:r>r(), -r+e<0<7m—c},

and that the resolvent (A — XI)~1 satisfies the estimate

(& — M)~V < C|<;> for all X € X(e), (1.6)

where c(g) is a positive constant depending on €.
(i) The operator 2 generates a semigroup T, on the space Co(D \ M) which
is analytic in the sector

A.={z=t+is:z#0,|argz| < 7/2 — ¢}

for any 0 < e < 7/2 (see Figure 1.3).

Moreover, the operators Ty (t > 0) are non-negative and contractive on

the space Co(D \ M):

feCy(D\M), 0< f(z) <lonD\M = O0<T;f(x)<1onD\M.
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Fig. 1.3.

The main purpose of this book is devoted to the functional analytic ap-
proach to the problem of existence of Markov processes in probability theory.

A strongly continuous, non-negative and contraction semigroup {7;}i>0
on the space Co(D \ M) is called a Feller semigroup on D\ M.

Therefore, we can reformulate part (ii) of Theorem 1.3 as follows:

Theorem 1.4. Assume that conditions (A) and (B') are satisfied. Then the
operator A generates a Feller semigroup {T;}i>0 on the space D\ M.

Theorem 1.4 generalizes Bony—Courrége—Priouret [BCP, Théoreme XIX]
to the case where p(x’) > 0 on the boundary 0D (cf. [Ta2, Theorem 10.1.3]).

It is known (cf. [Dy2], [Ta2, Chapter 9]) that if {T} };>0 is a Feller semigroup
on D\ M, then there exists a unique Markov transition function p;(x,-) on
the space D \ M such that

T,f(x) = /D P @I, T € CD M)

Furthermore, it can be shown that the function p;(z, -) is the transition func-
tion of some strong Markov process X; hence the value pi(x, F) expresses the
transition probability that a Markovian particle starting at position z will be
found in the set E at time ¢.

The differential operator A describes analytically a strong Markov pro-
cess with continuous paths in the interior D such as Brownian motion (see
Figure 1.4).

The terms pu(2’)0u/On and v(z')u of the boundary condition L are sup-
posed to correspond to reflection and absorption phenomena, respectively.
The situation may be represented schematically by Figure 1.5.

Hence the intuitive meaning of condition (B’) is that absorption phe-
nomenon occurs at each point of the set M = {a’ € D : p(x’) = 0}, while
reflection phenomenon occurs at each point of the set 9D \ M = {2/ € dD :
u(z’) > 0}. In other words, a Markovian particle moves in the space D \ M
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oD
Fig. 1.4.
D D
oD oD
absorption reflection
Fig. 1.5.

until it “dies” at the time when it reaches the set M where the particle is
definitely absorbed (see Figurel.6). Therefore, Theorem 1.4 asserts that there
exists a Feller semigroup corresponding to such a diffusion phenomenon.

M={n=0)

Fig. 1.6.

It is worth while pointing out here that the condition
wu(z") >0 and y(z') <0 on D

is necessary in order that the operator 2 is the infinitesimal generator of a
Feller semigroup {T}}>0 on D\ M (cf. [Ta2, Section 9.5]).
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As an application of Theorem 1.2, we consider the following semilinear
initial-boundary value problem: Given functions f(z,t,u, ) and ug(z) defined
in Dx [0, T)xRxRY and in D, respectively, find a function u(z,t) in Dx[0,T)
such that

( A)u(z,t) = f(z,t,u,gradu) in D x (0,T),
Lu ( )= (@) 5% + (2 )u=0 on 9D x [0,T), (1.7)
u(z,0) = ug(x) in D.

By making use of the operator A,, we can formulate problem (1.7) in terms
of the abstract Cauchy problem in the Banach space LP(D) as follows:

{ W — Ayu(t) + F (tu(t), 0<t<T, (1.8)

u|t:0 = Uup-

Here u(t) = u(-,t) and F (t,u(t)) = f (-, t,u(t), grad u(t)) are functions defined
on the interval [0,T"), taking values in the space LP(D).

We can prove local existence and uniqueness theorems for problem (1.8)
(Theorems 10.1 and 10.2), by using the theory of fractional powers of analytic
semigroups. Our semigroup approach here can be traced back to the pioneering
work of Fujita—Kato [FK] on the Navier—Stokes equation in fluid dynamics.

Theorem 1.5. Assume that conditions (A) and (B) are satisfied. If the non-
linear term f(x,t,u,§) is a locally Lipschitz continuous function with respect
to all its variables (x,t,u, &) € Dx[0,T) x R x RY with the possible exception
of the x variables, then we have the following two assertions:

(i) If N < p < o0, then, for every function ug(x) of D(Ap), problem (1.8) has
a unique local solution u(z,t) € C([0,T1]; LP(D)) N C* ((0,Ty); LP(D))
where Ty = T1(p, uo) is a positive constant.

(i) If N/2 < p < N, we assume that there exist a non-negative continuous
function p(t,r) on R x R and a constant 1 < v < N/(N — p) such that
the following four conditions are satisfied:

(a) |f(@,t,u,§)] < p(t, \U|)(1 + [€]7).

(0) | f(2,t,u,8) = f(@,8,u, )] < p(t, [u]) (1 +[§]7) [t — 5.

(0) (o t,0,8) — £t 1)] < ot ) (1+ 1=t + ) e = .

(d) [f(2,t,u,8) = f(z,t,0,8)] < p(t, [u] + [v]) (1 + [€]7) Ju — o]

Then, for every function ug(z) of D(A,), problem (1.8) has a unique
local solution u(x,t) € C ([0, Tz]; LP(D))NC* ((0,Ty); LP(D)) where Ty =

T5(p, up) is a positive constant.

Here C ([0, T]; LP(D)) denotes the space of continuous functions on the closed
interval [0,7] taking values in LP(D), and C'((0,T); LP(D)) denotes the
space of continuously differentiable functions on the open interval (0, T") taking
values in LP(D), respectively.

The rest of this monograph is organized as follows.
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Chapter 2 is devoted to a review of standard topics from the theory of semi-
groups. Section 2.1 provides a brief description of the basic results about ana-
lytic semigroups (Theorem 2.2) which forms a functional analytic background
for the proof of Theorems 1.2 and 1.3. Moreover, Subsection 2.1.3 is devoted
to the semigroup approach to a class of initial-boundary value problems for
semilinear parabolic differential equations. By making use of fractional powers
of analytic semigroups, we formulate a local existence and uniqueness theorem
for semilinear initial-boundary value problems (Theorem 2.8).

On the other hand, Section 2.2 provides a brief description of basic defi-
nitions and results about Markov processes and Feller semigroups. In Subsec-
tion 2.2.6 we prove various generation theorems of Feller semigroups by using
the Hille-Yosida theory of semigroups (Theorems 2.16 and 2.18) which form
a functional analytic background for the proof of Theorem 1.4.

In Chapter 3 we present a brief description of the basic concepts and results
of the L? theory of pseudo-differential operators which may be considered as a
modern theory of the classical potential theory. In particular, we formulate the
Besov space boundedness theorem due to Bourdaud [Bo] (Theorem 3.15) and
a useful criterion for hypoellipticity due to Hérmander [Ho2] (Theorem 3.16)
which play an essential role in the proof of our main results.

In Chapter 4 we study the boundary value problem (1.1) in the framework
of Sobolev spaces of LP type, by using the LP theory of pseudo-differential
operators. The idea of our approach is stated as follows:

First, we consider the following Neumann problem:

{(A)\)vf in D, (1.9)

The existence and uniqueness theorem for problem (1.9) is well established in
the framework of Sobolev spaces of LP type (cf. Agmon-Douglis—Nirenberg
[ADN]). We let

v = GN(A)f

The operator Gy () is the Green operator for the Neumann problem. Then
it follows that a function u(z) is a solution of problem (1.1) if and only if the
function w(z) = u(z) — v(x) is a solution of the problem

(A=Nw=0 in D,
Lw=—Lv=—p(z)9% —y(z')v = —y(z')v on dD.

on
However, we know that every solution w of the homogeneous equation
(A=XNw=0 inD

can be expressed by means of a single layer potential as follows:

w = P(\)i.
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The operator P()) is the Poisson operator for the Dirichlet problem. Thus,
by using the operators Gy (A) and P(\) we can reduce the study of problem
(1.1) to that of the equation

T\ = LP(\)Y = —v(z")v, v=Gny\)f.

This is a generalization of the classical Fredholm integral equation.

It is well known (cf. [Hol], [Ho3], [Se2], [Ty]) that the operator T(\) =
LP()) is a pseudo-differential operator of first order on the boundary 0D. We
can prove that the a priori estimate (1.2) of Theorem 1.1 is entirely equivalent
to the corresponding a priori estimate for the operator T'(A) (Theorem 4.10).

Chapter 5 is devoted to the proof of Theorem 1.1. We study the pseudo-
differential operator T'(A) in question, and prove that conditions (A) and (B)
are sufficient for the validity of the a priori estimate (1.2) (Lemma 5.1). More
precisely, we construct a parametriz S(A) for T'(X\) in the Hérmander class
L(l),1/2(6D) (Lemma 5.2), and then apply a Besov space boundedness theorem
(Theorem 3.15) to the parametrix S(\) to obtain the a priori estimate (1.2)
for problem (1.1).

Here it should be emphasized that if we use instead of the Neumann prob-
lem (1.9) the Dirichlet problem as usual, then we have the following a priori
estimate for problem (1.1):

lullp < CO) (1fllp + lehi-1/pp + lullp) -

In other words, we can not use this estimate to prove the generation theorem
of analytic semigroups in the LP topology.

In Chapter 6 we study the operator A,, and prove fundamental a priori
estimates for A, — AI (Theorem 6.3) which is an essential step in the proof of
Theorem 1.2. We make good use of Agmon’s method (Proposition 6.4). This
is a technique of treating a spectral parameter \ as a second-order, elliptic
differential operator of an extra variable and relating the old problem to a
new one with the additional variable.

Chapter 7 is devoted to the proof of Theorem 1.2 (Theorems 7.1 and 7.9).
Once again we make use of Agmon’s method in the proof of Theorems 7.1 and
7.9. In particular, Agmon’s method plays a fundamental role in the proof of
the surjectivity of the operator A, — AI (Proposition 7.2).

Chapter 8 and Chapter 9 are devoted to the proof of Theorem 1.3 and
Theorem 1.4. In Chapter 8 we prove part (i) of Theorem 1.3. Part (i) of
Theorem 1.3 follows from Theorem 1.2 by using Sobolev’s imbedding theorems
(Theorems 8.1 and 8.2) and a A-dependent localization argument essentially
due to Masuda [Ma] (Lemma 8.4).

In Chapter 9 we prove Theorem 1.4 and part (ii) of Theorem 1.3. This
chapter is the heart of the subject. General existence theorems for Feller
semigroups are formulated in terms of elliptic boundary value problems with
spectral parameter (Theorem 9.12). First, we study Feller semigroups with
reflecting barrier (Theorem 9.14) and then, by using these Feller semigroups
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we construct Feller semigroups corresponding to such a diffusion phenomenon
that either absorption or reflection phenomenon occurs at each point of the
boundary (Theorem 9.18). Our proof is based on the generation theorems of
Feller semigroups discussed in Section 2.2.

In Chapter 10 we study problem (1.8), and prove Theorem 1.5 by using the
theory of fractional powers of analytic semigroups (Theorems 10.1 and 10.2).
To do this, we verify that all the conditions of Theorem 2.8 are satisfied.
We remark that Theorem 1.5 is a generalization of Pazy [Pa, Section 8.4,
Theorems 4.4 and 4.5] to the degenerate case.

In the final Chapter 11, as concluding remarks, we give an overview for
general results on generation theorems for Feller semigroups proved mainly
by the author using the theory of pseudo-differential operators ([Hol], [Sel],
[Se2]) and the Calderén—Zygmund theory of singular integral operators ([CZ]).

In Appendix A, we formulate various maximum principles for second-
order elliptic differential operators such as the weak maximum principle
(Theorem A.1) and the Hopf boundary point lemma (Lemma A.3) which
play an important role in Chapter 9.

The following diagram gives a bird’s eye view of Markov processes, Feller
semigroups and boundary value problems and how these relate to each other:

Probability Functional Partial Differen-
Analysis tial Equations
Markov process Feller semigroup infinitesimal
X {T:} generator A
Markov transition Tif = [ppe(,dy) f(y) Ty = exp[t]

function p:(-, dy)

Chapman and semigroup property differential
Kolmogorov Tips =T Ty operator A
equation
absorption function space boundary
and reflection Co(D\ M) condition L

phenomena
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Semigroup Theory

This chapter is devoted to a review of standard topics from the theory of
semigroups which forms a functional analytic background for the proof of
Theorems 1.2, 1.3, 1.4 and 1.5.

2.1 Analytic Semigroups

This section provides a brief description of the basic results of the theory
of analytic semigroups which forms a functional analytic background for the
proof of Theorems 1.2 and 1.3. Moreover, Subsection 2.1.3 is devoted to the
semigroup approach to a class of initial-boundary value problems for semi-
linear parabolic differential equations (Theorem 2.8). Theorem 1.5 follows by
verifying all the conditions of Theorem 2.8. For more leisurely treatments
of analytic semigroups, the reader is referred to Friedman [Frl], Pazy [Pa],
Tanabe [Tn], Yosida [Yo] and also Taira [Ta4].

2.1.1 Generation of Analytic Semigroups

Let E be a Banach space over the real or complex number field, and let
A: FE — E be a densely defined, closed linear operator with domain D(A).

Assume that the operator A satisfies the following two conditions (see
Figure 2.1 below):

(1) The resolvent set of A contains the region
Yo={ e C:N#£0,|arg\ <7/24+w}, 0<w<m/2.

(2) For each e > 0, there exists a positive constant M, such that the resolvent
R(A\) = (A — X)7! satisfies the estimate

M,
IR < ‘)\T forall A€ 36 ={Ae€ C: AN#0, |arg\| <7/24+w —¢€}.
(2.1)

K. Taira, Boundary Value Problems and Markov Processes, 13
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 2,
(© Springer-Verlag Berlin Heidelberg 2009
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Fig. 2.1.

Then we let 1

o

Ut) = /F eMR(N) dA. (2.2)

Here I' is a path in the set X¢ consisting of the following three curves (see
Figure 2.2):

P = fremin/20-9 11 < r < 0],
r®={e: (n/24w—e)<O<m/2+w—e},
F(g) _ {Tei(ﬂ'/2+w75) 1<r< OO}

r®

r

Fig. 2.2.

It is easy to see that the integral
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converges in the uniform operator topology of the Banach space L(E, E) for
all ¢ > 0, and thus defines a bounded linear operator on E. Here L(E, E)
denotes the space of bounded linear operators on FE.

Furthermore, we have the following:

Proposition 2.1. The operators U(t), defined by formula (2.2), form a semi-
group on F, that is, they enjoy the semigroup property

Ut+s)=U(t)-U(s) forallt, s>0.
Proof. By Cauchy’s theorem, we may assume that
1
U(s) = o / " R(p) du, s> 0.

Here I is a path obtained from the path I" by translating each point of I" to
the right by a fixed small positive distance (see Figure 2.3).

S
P

Fig. 2.3.

F/

~

Then we have, by Fubini’s theorem,

. At s
U(t)-Ul(s) (2mi)? //F/e e" R(A) R(p) d\du

R(A) — R(p)

At s

(2mi)? ///e e A—p dAdu
1 At 1 ets

= A du| dX
2m’/pe R( )[m/p,A—u “}

1 1 eM
- ns R | dp.
27ri/,€ (“){m’/FA—M } #

We calculate the two terms in the last part.
(a) We let
us

f(u):;_u, nec.
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lul=r
o\

>~
P

Fig. 2.4.

Then, by applying the residue theorem we obtain that (see Figure 2.4)

/ fda+ [ swdus [ £ () dp
r@njul<r) e ®n{jul<r}

T/24w—e ) )
+ / f(re®)rie do
—(7/24w—e¢)

= 2mi Res [f (1)] p=x
= —2mies.

However, we have, as r — oo,

/ Foydn— [ fwdp,
rOn{jul<ry o

/ Foydn— [ fwdp,
L@ n{jul<ry @

and

w/24w—e ) )
/ f(re®)rie?® do

T/24w—e
< efrssin(wfe) / do 0.
—(7/24w—¢)

—(n/24w—e) |} — €]

Therefore, we find that

1 ps ,
. / ¢ dp = —e.
21t Jp A —p

(b) Similarly, since the path I lies to the left of the path I'", we find that

1 At
/ “dan=o.
21t Jp A —p



2.1 Analytic Semigroups 17

Summing up, we obtain that

1
U(t)-U(s) = — / IR\ AN =U(t +s) forallt, s> 0.
r

271
The proof of Proposition 2.1 is complete. 0O

The next theorem states that the semigroup U(t) can be extended to an
analytic semigroup in some sector containing the positive real axis.

Theorem 2.2. The semigroup U(t), defined by formula (2.2), can be extended
to a semigroup U(z) which is analytic in the sector

A, ={z=t+is:2#0,|argz| < w},

and enjoys the following properties:

(a) The operators AU(z) and “Y (z) are bounded operators on E for each z €
Ay, and satisfy the relation

dUu

& (z2) = AU(2) for all z € A,. (2.3)

(b) For each 0 < € < w/2, there exist positive constants Mo(e) and Ml(e)
such that

|U(2)|| < ]\A/[/?\(j:) for all z € A%, (2.4)
|AU (2)| < Me) for all z € A%, (2.5)

2|
where (see Figure 2.5)
A*¥ ={2€C:2#0,|argz| <w —2¢}.
(c) For each x € E, we have, as z — 0, z € A2,
U(z)r — z in E.
Proof. (i) The analyticity of U(z): If A € I'®) and 2z € A%, that is, if we have
the formulas

A=\, d=n/24+w—¢,
z = |z[e", o] <w — 2,
then it follows that ‘
Az = |A[]z]e’ 0+,

with
/24 <0+ <724 2w —3c < 31/2 — 3e.
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2¢e
AG

Fig. 2.5.

Note that
cos(f + @) < cos(m/2+¢) = —sine.

Hence we have the inequality
2| < emPMIzlsine for all A € ') and 2z € A2, (2.6)
Similarly, we have the inequality
2| < emPMIElsine for all A e M and 2 € A2, (2.7)
For each small € > 0, we let
K=A%({z€C:|z| e} ={z€ C:|z| > ¢, |argz| <w — 2¢}.

Then, by combining estimates (2.1), (2.6) and (2.7) we obtain that

M. __g
e} RN < MTe—ME'W forall \e I YIr® and z € K5.  (2.8)

On the other hand, we have the estimate
e} R(N)|| < M€l for all A € I'® and 2 € K. (2.9)
Therefore, we find that the integral

_ 1 6)\2 _ 1 - 6)\2
U(z) = /F R(\)dX = 27”,; /F " R(\) dA (2.10)

o

converges in the Banach space L(E, E), uniformly in z € K¢, for every ¢ > 0.
This proves that the operator U(z) is analytic in the domain A, = J, K.
By the analyticity of U(z), it follows that the operators U(z) also enjoy

the semigroup property
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U(z+w)=U(z) -U(w) forall z, we A,.

(ii) We prove that the operators U(z) enjoy properties (a), (b) and (c).
(b) First, by using Cauchy’s theorem we obtain that

1 1
Uz) = — MR\ N = — A R(N) dA
0= g0y RO =, [ RO
where I, is a path consisting of the following three curves (see Figure 2.6):
@ _ ity b
o = qTe e S r<oo,,
@) 1
Iy = ‘Z‘e —(r/24w—e)<O<7m/24w—c¢
F(3) _ i(m/24w—¢) . 1 <
o =qTe .|Z|_r<oo .

I

i

N
%

Fig. 2.6.

However, by estimates (2.1), (2.6) and (2.7), it follows that

| RO < MM izlsine gy all xe 1 U T and 2 € A%,

Hence we have, for k =1, 3,

/m RO H\d)\\<M/ -olsline 1 g

—M / —smas —lds
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We have also, for k = 2,

T/24w—e

/ e} RN | dA| < ME/ edf

F|<z2|) —(7/24w—¢)
=2eM. (/24w —¢)
< 2melM..

Summing up, we obtain the following estimate:
13
Az
D Dl I B V1P
k=1 |z

1 & :
<2M5 / sTlemsines g 4 27T6M5>
1

UG

IN

IN

2

oo
Me </ s lemsines gg +7re) .
T 1

This proves the desired estimate (2.4), with

N M oo .
Mo(e) = "¢ </ s~ lemsines g +7re) .
1

™

To prove estimate (2.5), note that
AR\) = (A= A+ A)R(\) = I+ AR(N),

so that
JAR(N)|| <1+ M. forall A € 3¢.

Hence, by arguing just as in the proof of estimate (2.4) we obtain that

/ GAZAR()\) d)\H < 2/ e Plzlsine (1+ M.)dp
r 1

I=1
T/24w—e 1
+/ (1+M)e,  db
—(7/24w—¢) |2

§2(1+M5) </ 6_Slna‘sd5+7_r6> ‘ ‘
1 z
for all z € A%, (2.11)

This proves that the integral
/ e AR(\) dA
r

is convergent in the Banach space L(E, E), for every z € A%. By the closed-
ness of A, it follows that

U(z) € D(A) for all z € A2,
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and
AU(z) = — 1,/6AZAR(A) d\ for all z € A%, (2.12)
2me Jp

Therefore, the desired estimate (2.5) follows from estimate (2.11), with

~ 1+ M > .
M (e) = +Me </ e ds + 7re> .
1

™

We remark that formula (2.12) remains valid for all z € A, since A, =

Us>0 Aie
(a) By estimates (2.8) and (2.9), we can differentiate formula (2.10) under
the integral sign to obtain that

U 1 [

=— z for all A,. 2.1
oy (2) o /Fe AR(N\)dX forall z € A, (2.13)
On the other hand, it follows from formula (2.12) that

1
AU(2) = -, /P e AR(\) dA

1 A
=— (I 4 AR(N)) dX
oni [T+ AR)
1
= - ,/e’\zAR(A)dA for all z € A, (2.14)
2me Jp

since we have, by Cauchy’s theorem,

/ erMd\ = 0.
I

Therefore, the desired formula (2.3) follows immediately from formulas
(2.13) and (2.14).
(¢) Now let zp be an arbitrary element of D(A). By the residue theorem,

it follows that
1 / e A
07 oni Jooa OO

Hence we have the formula

U(z)xg —xo = — 1_/Fe)‘z <R(A)+;\>xod)\

21
1 6)\2

= — N Azg d.
2m’/p A Ao

Here we remark that
M.

1
<
3] < e

‘e)‘z‘ < 2~ PIzlsine 4 ol2l - for all 2 € A% and Ne T

forall A € I,
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Thus it follows from an application of the Lebesgue dominated convergence
theorem that, as 2 — 0, z € A2,

1 1
U(z)xg — xg — T o /F )\R()\)Axo d\.
However, we have the assertion

1
/ R(\) Az dA = 0.
F A

Indeed, by Cauchy’s theorem it follows that

1 1
/ W RV AzgdA = lim R(\) Az dA
r

r=20 Jragai<ry A
1
= — lim R(N)Azo dA
r—0oo Jao A

=0,

where C) is a closed path shown in Figure 2.7.

%

Fig. 2.7.

Summing up, we have proved that
U(z)xzg — x¢ as z — 0, z € A%,

for each xg € D(A).
Since the domain D(A) is dense in E and |U(2)|| < My(e) for all z € A2,
it follows that, for each x € F,

U(z)r — x asz— 0,z € A%,

The proof of Theorem 2.2 is now complete. O
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Remark 2.1. Assume that the operator A satisfies a stronger condition than
condition (2.1):

M,
IR\ < N _: 1 for all A € ¥¢. (2.15)

Then we have the estimates

|U(2)|| < Mo(g)e*Re? for all z € A%, (2.16)
M
|AU(2)|| < |1Z(|5)e‘5‘ReZ for all z € A2, (2.17)

with some positive constant §.

Proof. Take a real number § such that

1
0 .
0< <M

53

Then we have, by estimate (2.15),

§[|(A=AD)7H| < Ifﬂfl <6M. <1 forall A€ X,

Hence it follows that the operator (A + 61) — AI has the inverse
(A+0D) =X =T+6(A- D) H N A- D),
and

I((A+61) = AD)TH < [[(I+6(A=AD)TH7H| - [[(A = AD) ™|
- M 1
T AT [J6(A = AL
M. 1
<
M+ 11— 6M.

M. 1
< .
o (1 _5Ma) |>“

This proves that the operator A44d7 satisfies condition (2.1), so that estimates
(2.4) and (2.5) remain valid for the operator A + I:

IV ()] < Mo(e) for all z € A28, (2.18)

Ml(E)

E

|(A+ 8DV (2)] < for all z € A% (2.19)

where )
V(z)=—-_ | / eM(A+ 01— \I)~tdA.
r

21
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However, we have, by Cauchy’s theorem,

1
V(z) = Y /Fe)‘z(A + 61 — XI)"d

1
= / (A + 01— XI)"tdx
2mi s
1
=~ /Fe“ze‘sz(A —ul)"Vdp = °*U(2)
for all z € A%, (2.20)

In view of formula (2.16), the desired estimates (2.16) and (2.17) follow from
estimates (2.18) and (2.19). O

2.1.2 Fractional Powers

Assume that the operator A satisfies a stronger condition than condition (2.1):

(1) The resolvent set of A contains the region ¥ as in Figure 2.8.

Fig. 2.8.

(2) There exists a positive constant M such that the resolvent R(\) = (4 —
A )~! satisfies the estimate

M
< for all > 2.21
IRV < () [y foranre (221)

If @ > 0, we can define the fractional power (—A)~* of — A by the following

formula:
1

(—ayo—— b /F (=A)~"R(A) A, (2.22)

27

Here the path I" runs in the set ¥ from coe ™™ to coe’™, avoiding the positive
real axis and the origin (see Figure 2.9), and for the function (—\)"* =
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e~ 218(=N) " we choose the branch whose argument lies between —arr and aur;
it is analytic in the region obtained by omitting the positive real axis.

The integral (2.22) converges in the uniform operator topology of the Ba-
nach space L(E, E) for all @ > 0, and thus defines a bounded linear operator
on F.

Fig. 2.9.

—Q

Some basic properties of the fractional power (—A)~* are summarized in

the following:
Proposition 2.3. (i) We have, for all «, 5 > 0,
(~A)7 (- A4) 7 = (~4) D),
(i) If a is a positive integer n, then we have the formula
(4™ = (47",
(iii) The fractional power (—A)™% is invertible for all o > 0.

If 0 < a < 1, we have the following useful formula for the fractional power

(—4)-e:
Theorem 2.4. We have, for all 0 < a < 1,

(—A)™ = _sinom /000 sTYR(s)ds. (2.23)

™

By Remark 2.1, we may assume that there exist positive constants M,
M and a such that

U @) < Moe™ for all t > 0.
1
|AU ()| < Mle"”t for all t > 0.

Then we can prove still another useful formula for the fractional power (—A) =
forall 0 <o < 1.
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Theorem 2.5. We have, for all 0 < a < 1,

1 > a—1
:F(a)/o t*=LU(¢) dt.

In view of part (iii) of Proposition 2.3, we can define the fractional power
(=A)* for all a > 0 as follows:

(=A4)~

(—A)* = the inverse of (—A4)™%, a > 0.

The next theorem states that the domain D((—A)“) of (—A)* is bigger
than the domain D(A) of A when 0 < o < 1.

Theorem 2.6. We have, for all 0 < a < 1,
D(A) CD((—A)Y).

We can give an explicit formula for the fractional power (—A)* (0 < a < 1)
on the domain D(A):

Theorem 2.7. Let 0 < o < 1. Then we have, for any x € D(A),

(—A)% = smom/ s*"1R(s) Az ds.

T 0

2.1.3 The Semilinear Cauchy Problem

This subsection is devoted to the semigroup approach to a class of initial-
boundary value problems for semilinear parabolic differential equations. By
making good use of fractional powers of analytic semigroups, we formulate a
local existence and uniqueness theorem for semilinear initial-boundary value
problems (Theorem 2.8). Our semigroup approach can be traced back to the
pioneering work of Fujita—Kato [FK] for the Navier—Stokes equation in fluid
dynamics.

Assume that the operator A satisfies condition (2.21). Then we can de-
fine the fractional power (—A)® for all 0 < a < 1 (see Subsection 2.1.2).
The operator (—A)® is a closed linear, invertible operator with domain
D((—A)*) D D(A). We let

E, = the space D((—A)*) endowed with the graph norm || - ||
of (7A)Oé7

where
lzlla = (2l + [|(~A)*2|?)"*, = e D(-A)*).

Then we have the following three assertions:

(i) The space E, is a Banach space.
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(ii) The graph norm ||z||, is equivalent to the norm ||(—A4)*z|.
iii) If 0 < a < B < 1, then we have Fg C E, with continuous injection.
B

Now we consider the following semilinear Cauchy problem:

{ = Au(t) + f(tu(t), to<t<ti,

) = (2.24)

Here f(t,x) is a function defined on an open subset U of [0,00) x E, (0 < a <
1), taking values in E. We assume that f(¢,x) is locally Holder continuous in
t and locally Lipschitz continuous in 2. That is, for each point (¢,2) of U there
exist a neighborhood V' C U, constants L = L(¢t,z,V) > 0 and 0 < v < 1
such that

£ (s1.91) = F(s2,w2)[| < L(Js1 = s2l” + [ls — wlla)
(31791), (827y2) S V

A function wu(t) : [to,t1) — E is called a solution of problem (2.24) if it
satisfies the following three conditions:

(1) U(t) € C([to,tl); E) n Cl((to,tl); E) and U(to) = X9.
(2) u(t) € D(A) and (t,u(t)) € U for all to <t < t;.
(3) 9 = Au(t) + f(t,u(t)) for all tg <t < t;.

Here C([to,t1); E) denotes the space of continuous functions on [tg, 1) taking
values in E, and C*((to,t1); E) denotes the space of continuously differentiable
functions on (to,t;) taking values in F, respectively.

Our main result is the following local existence and uniqueness theorem
for problem (2.24):

Theorem 2.8. Let f(t,z) be a function defined on an open subset U of
[0,00) X Eq (0 < a < 1), taking values in E. Assume that f(t,x) is lo-
cally Holder continuous in t and locally Lipschitz continuous in x. Then,
for every (to,xo0) € U, problem (2.24) has a unique local solution u(t) €
C([to,h];E) N Cl((to,tl);E) where t; = t1(t0,sco) > to.

For a proof of Theorem 2.8, the reader is referred to [He, Theorem 3.3.3],
Pazy [Pa, Chapter 6, Theorem 3.1] and also Taira [Ta4, Theorem 1.18].

2.2 Markov Processes and Feller Semigroups

This section provides a brief description of basic definitions and results about
Markov processes and a class of semigroups (Feller semigroups) associated
with Markov processes. In Subsection 2.2.6 we prove various generation the-
orems of Feller semigroups by using the Hille-Yosida theory of semigroups
(Theorems 2.16 and 2.18) which form a functional analytic background for
the proof of Theorem 1.4. The results discussed here are adapted from
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Blumenthal-Getoor [BG|, Dynkin [Dy2], Lamperti [La], Revuz—Yor [RY] and
also Taira [Ta2, Chapter 9]. The semigroup approach to Markov processes can

be traced back to the pioneering work of Feller [Fel] and [Fe2] in early 1950s
(cf. [BCP], [SUJ, [Ta3)).

2.2.1 Markov Processes

In 1828 the English botanist R. Brown observed that pollen grains suspended
in water move chaotically, incessantly changing their direction of motion. The
physical explanation of this phenomenon is that a single grain suffers innumer-
able collisions with the randomly moving molecules of the surrounding water.
A mathematical theory for Brownian motion was put forward by A. Einstein
in 1905 (cf. [Ei]). Let p(t, x,y) be the probability density function that a one-
dimensional Brownian particle starting at position x will be found at position
y at time ¢. Einstein derived the following formula from statistical mechanical
considerations:
(v — w)Q]

exp | —
VorDt p[ 2Dt

Here D is a positive constant determined by the radius of the particle, the
interaction of the particle with surrounding molecules, temperature and the
Boltzmann constant. This gives an accurate method of measuring Avogadro’s
number by observing particles. Einstein’s theory was experimentally tested
by J. Perrin between 1906 and 1909.

Brownian motion was put on a firm mathematical foundation for the first
time by N. Wiener in 1923 ([W1i]). Let £2 be the space of continuous functions
w : [0,00) — R with coordinates z:(w) = w(t) and let F be the smallest
o-algebra in 2 which contains all sets of the form {w € 2 : a < x(w) < b},
t > 0, a < b. Wiener constructed probability measures P, x € R, on F for
which the following formula holds:

pt,z,y) =

PlweNR:a <xt1( ) <biyas < xpy(w) < bay...yan < ap, (W) < by}

f f p(ti, z, y1)p(te — t1,y1,92) - - .
p(tn — b1, Yn—1,Yn) dy1 dyz . .. dyn,
O<t1 <ta<...<t, <oo.

This formula expresses the “starting afresh” property of Brownian motion
that if a Brownian particle reaches a position, then it behaves subsequently
as though that position had been its initial position. The measure P, is called
the Wiener measure starting at x.

P. Lévy found another construction of Brownian motion, and gave a pro-
found description of qualitative properties of the individual Brownian path in
his book: Processus stochastiques et mouvement brownien (1948).

Markov processes are an abstraction of the idea of Brownian motion. Let
K be a locally compact, separable metric space and let B be the o-algebra
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of all Borel sets in K, that is, the smallest o-algebra containing all open sets
in K. Let (2, F,P) be a probability space. A function X (w) defined on {2
taking values in K is called a random variable if it satisfies the condition

X HE)={weR:X(w)eE}ecF forall EcB.

We express this by saying that X is F/B-measurable. A family {z;}:>0 of
random variables is called a stochastic process, and it may be thought of as
the motion in time of a physical particle. The space K is called the state space
and (2 the sample space. For a fixed w € (2, the function x4(w), ¢t > 0, defines
in the state space K a trajectory or path of the process corresponding to the
sample point w.

In this generality the notion of a stochastic process is of course not so
interesting. The most important class of stochastic processes is the class of
Markov processes which is characterized by the Markov property. Intuitively,
this is the principle of the lack of any “memory” in the system. More precisely,
(temporally homogeneous) Markov property is that the prediction of subse-
quent motion of a particle, knowing its position at time ¢, depends neither on
the value of ¢ nor on what has been observed during the time interval [0, ¢);
that is, a particle “starts afresh”.

Now we introduce a class of Markov processes which we will deal with in
this book (cf. [Dy2], [BG], [RY]).

Assume that we are given the following:

(1) A locally compact, separable metric space K and the o-algebra B of all
Borel sets in K. A point 9 is adjoined to K as the point at infinity if K is
not compact, and as an isolated point if K is compact (see Figure 2.10).
We let

Kog=KU {8},
By = the o-algebra in K generated by B.

Fig. 2.10.

(2) The space §2 of all mappings w : [0,00] — Kp such that w(co) = 0 and
that if w(t) = 0 then w(s) = 9 for all s > ¢. Let wy be the constant map
wa(t) = 0 for all ¢t € [0, c0].
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(3) For each t € [0, o0], the coordinate map z; defined by 2+(w) = w(t), w € £2.

(4) For each t € [0, 00], a mapping p; : 2 — 2 defined by (p1w)(s) = w(t+s),
w € §2. Note that pew = wy and x4 0 s = 3445 for all ¢, s € [0, ca].

(5) A o-algebra F in §2 and an increasing family {F; fo<t<oo Of sub-o-algebras
of F.

(6) For each z € Kp, a probability measure P, on ({2, F).

We say that these elements define a (temporally homogeneous) Markov process
X = (ay, F, F, Pyp) if the following four conditions are satisfied:

(i) For each 0 <t < oo, the function z; is F;/By-measurable, that is,
{re B} ={we 2:0(w) e E} €¢ F, forall E € By.
(ii) For all 0 <t < oo and E € B, the function
pi(z, E) = Pp{a: € E} (2.25)

is a Borel measurable function of z € K.
(i) Pp{w € 2: x¢(w) =z} =1 for each z € Kp.
(iv) For all ¢, h € [0,0], 2 € Ky and F € By, we have the formula

Px{xt+h cF ‘ Ft} = ph(l’t,E) a. e.,

or equivalently,
PI(A N {$t+h S E}) = / ph(:ct(w),E) de(w) for all A € F;.
A

Here is an intuitive way of thinking about the above definition of a Markov
process. The sub-c-algebra F; may be interpreted as the collection of events
which are observed during the time interval [0,¢]. The value P,(A4), A € F,
may be interpreted as the probability of the event A under the condition that
a particle starts at position z; hence the value p;(z, E') expresses the transition
probability that a particle starting at position x will be found in the set E at
time ¢ (see Figure 2.11). The function p;(z,-) is called the transition function
of the process X. The transition function p:(z,-) specifies the probability
structure of the process. The intuitive meaning of the crucial condition (iv) is
that the future behavior of a particle, knowing its history up to time t, is the
same as the behavior of a particle starting at z;(w), that is, a particle starts
afresh. A particle moves in the space K until it “dies” at the time when it
reaches the point 0; hence the point 0 is called the terminal point.
With this interpretation in mind, we let

C(w) = inf{t € [0,00] : 24 (w) = D}

The random variable ( is called the lifetime of the process X.
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E

Fig. 2.11.

2.2.2 Markov Transition Functions

In the first works devoted to Markov processes, the most fundamental was
A. N. Kolmogorov’s work ([Ko]) where the general concept of a Markov tran-
sition function was introduced for the first time and an analytic method of
describing Markov transition functions was proposed. From the point of view
of analysis, the transition function is something more convenient than the
Markov process itself. In fact, it can be shown that the transition functions
of Markov processes generate solutions of certain parabolic partial differential
equations such as the classical diffusion equation; and, conversely, these differ-
ential equations can be used to construct and study the transition functions
and the Markov processes themselves.

In the 1950s, the theory of Markov processes entered a new period of inten-
sive development. We can associate with each transition function in a natural
way a family of bounded linear operators acting on the space of continuous
functions on the state space, and the Markov property implies that this fam-
ily forms a semigroup. The Hille-Yosida theory of semigroups in functional
analysis made possible further progress in the study of Markov processes, as
will be shown in Subsection 2.2.5.

Our first job is thus to give the precise definition of a transition function
adapted to the theory of semigroups:

Definition 2.1. Let (K, p) be a locally compact, separable metric space and
let B be the o-algebra of all Borel sets in K. A function p;(z, F), defined for
allt > 0,z € K and E € B, is called a (temporally homogeneous) Markov
transition function on K if it satisfies the following four conditions:

(a) pe(z,-) is a non-negative measure on B and p:(x, K) < 1 for all ¢ > 0 and
z e K.

(b) p+(+, E) is a Borel measurable function for all t > 0 and F € B5.

(¢) po(z,{z}) =1for all z € K.
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(d) (The Chapman—Kolmogorov equation) For all ¢, s > 0, x € K and E € B,
we have the equation

Proa(, E) = /K p(e, dy)ps (4, E). (2.26)

s

Here is an intuitive way of thinking about the above definition of a Markov
transition function. The value p:(x, E') expresses the transition probability
that a physical particle starting at position x will be found in the set E
at time ¢. The Chapman—Kolmogorov equation (2.26) expresses the idea that
a transition from the position = to the set F in time ¢t 4+ s is composed of a
transition from z to some position y in time ¢, followed by a transition from
y to the set F in the remaining time s; the latter transition has probability
ps(y, F) which depends only on y (see Figure 2.12). Thus a particle “starts
afresh”; this property is called the Markov property.

The Chapman—-Kolmogorov equation (2.26) asserts that p;(x, K) is mono-
tonically increasing as t | 0, so that the limit

pro(x, K) = ltifgpt(%K)

exists.
A transition function p;(x, -) is said to be normal if it satisfies the condition

pto(z, K) =1 forallze K.

The next theorem, due to Dynkin [Dy1, Chapter 4, Section 2], justifies the
definition of a transition function, and hence it will be fundamental for our
further study of Markov processes:
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Theorem 2.9. For every Markov process, the function pi(z,-), defined by
formula (2.25), is a Markov transition function. Conversely, every normal
Markov transition function corresponds to some Markov process.

Here are some important examples of normal transition functions on the
line R = (—00, 00):

Ezample 2.1 (Uniform motion). If t > 0, x € R and E € B, we let
pt(xaE) = XE(x + Ut)a
where v is a constant, and xg(y) =1ify € Eand =0ify ¢ E.

This process, starting at z, moves deterministically with constant veloc-
ity v.

Ezample 2.2 (Poisson process). If t > 0, x € R and E € B, we let

= ()"
pt(xaE) = eiAt Z ( ’I’L’) XE(x + n)a
n=0 :

where A is a positive constant.

This process, starting at x, advances one unit by jumps, and the probability
of n jumps during the time 0 and ¢ is equal to e~ ()" /n!.
Ezample 2.3 (Brownian motion). If t > 0, z € R and E € B, we let

pi(z, E) = \/;Tt/EeXp [— v ;tx)Q] dy,

and
po(z, E) = xp(z).
This is a mathematical model of one-dimensional Brownian motion. Its

character is quite different from that of the Poisson process; the transition
function p:(x, F) satisfies the condition

pi(x,[r —e,x+e])=1—o0(t) ast]O0,

for all e > 0 and x € R. This means that the process never stands still, as does
the Poisson process. Indeed, this process changes state not by jumps but by
continuous motion. A Markov process with this property is called a diffusion
process.

Ezample 2.4 (Brownian motion with constant drift). If t > 0, x € R and
E € B, we let

1 (y — mt — x)?

pi(z, E) = \/2“/Eexp [— o ] dy,

po(l’, E) = XE($)7

and

where m is a constant.
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This represents Brownian motion with a constant drift of magnitude m
superimposed; the process can be represented as {x; + mt}, where {x;} is
Brownian motion on R.

Ezample 2.5 (Cauchy process). if t > 0, z € R and E € B, we let

1 t
b)) = dy,
Pi(z, E) 7r[Et2+(y*fv)2 Y
and
po(z, E) = xp(z).

This process can be thought of as the “trace” on the real line of trajec-
tories of two-dimensional Brownian motion, and it moves by jumps (see [Kn,
Lemma 2.12]). More precisely, if By(t) and Bs(t) are two independent Brow-
nian motions and if T is the first passage time of By (t) to z, then Bo(T) has
the Cauchy density

L x|

7rx2+y2’ —00 <y < 0.

Here are two more examples of diffusion processes on the half line Rt =
[0,00) in which we must take account of the effect of the boundary point 0:

Ezample 2.6 (Reflecting barrier Brownian motion). If t > 0, x € Rt and
FE € B, we let

o= (oo 05 e [l V5 )

and
po(z, E) = xg().

This represents Brownian motion with a reflecting barrier at * = 0; the
process may be represented as {|z:|}, where {x:} is Brownian motion on R.
Indeed, since {|z¢|} goes from x to y if {x;} goes from x to £y due to the
symmetry of the transition function in Example 2.3 about = 0, it follows
that

pu(z, B) = Po{lw| € B)
(L[ s [ [SOLT @)

Ezxzample 2.7 (Sticking barrier Brownian motion). Ift > 0,z € Rt and FE € B,
we let

e b (Lol 05 o o] 7] )

" (1 - \/217rt /z exp [ ;i] dZ) x£(0),
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and
po(z, E) = xe(z).

This represents Brownian motion with a sticking barrier at x = 0. When
a Brownian particle reaches the boundary point 0 for the first time, instead
of reflecting it sticks there forever; in this case the state 0 is called a trap.

2.2.3 Path Functions of Markov Processes

It is naturally interesting and important to ask the following problem:

Problem. Given a Markov transition function p;(z,-), under which condi-
tions on py(z,-) does there exist a Markov process with transition function
pe(x, -) whose paths are almost surely continuous?

A Markov process X = (x4, F, Ft, P;) is said to be right continuous pro-
vided that we have, for each = € K,

P,{w € 2 : the mapping ¢t — z;(w) is a right continuous function
from [0, 00) into Kp} = 1.

Furthermore, we say that X is continuous provided that we have, for each
re K,

P,{w € 2 : the mapping t — xz+(w) is a continuous function
from [0, ((w)) into Ky} =1,

where ( is the lifetime of the process X.

Now we give some useful criteria for path continuity in terms of
Markov transition functions (see Dynkin [Dyl, Chapter 6], [Dy2, Chapter 3,
Section 2]):

Theorem 2.10. Let (K, p) be a locally compact, separable metric space and
let pt(z,-) be a normal Markov transition function on K.
(i) Assume that the following two conditions are satisfied:

(L) For each s > 0 and each compact E C K, we have the condition

lim sup p:(z, F) =0.
z—00<t<s

(M) For each € > 0 and each compact E C K, we have the condition

lim sup pi(z, K \ Us(x)) =0,
tl0 zeR

where Us(z) ={y € K : p(y,x) < €} is an e-neighborhood of x.
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Then there ezists a Markov process X with transition function p(z,-)
whose paths are right continuous on [0,00) and have left-hand limits on [0, ()
almost surely.

(ii) Assume that condition (L) and the following condition (N) (replacing
condition (M)) are satisfied:

(N) For each € > 0 and each compact E C K, we have the condition

1
lim  sup p(x, K \ Ue(x)) =0,
tl0 t zcE

or equivalently

sup pi(w, K \ Us()) = o(t) ast |0,
zel
Then there exists a Markov process X with transition function p(z,-)
whose paths are almost surely continuous on [0, ().

Remark 2.2. Tt is known (see Dynkin [Dyl, Lemma 6.2]) that if the paths of
a Markov process are right continuous, then the transition function p;(z,-)
satisfies the condition

gilrglpt(x,UE(sc)) =1 forallze K.

2.2.4 Strong Markov Processes and Transition Functions

A Markov process is called a strong Markov process if the “starting afresh”
property holds not only for every fixed moment but also for suitable random
times.

We shall formulate precisely this “strong” Markov property. Let X =
(x4, F, Ft, Pr) be a Markov process. A mapping 7:§2 — [0,00] is called a
stopping time or Markov time with respect to {F;} if it satisfies the condition

{r<t}={weR:7(w)<tleF foralltel0, o).

Intuitively, this means that the events {7 < t} depend on the process only up
to time ¢, but not on the “future” after time ¢. It should be noticed that any
non-negative constant mapping is a stopping time.

If 7 is a stopping time with respect to {F;}, we let

F.={AeF:An{r<t}eF foralltel0 0)}

Intuitively, we may think of F, as the “past” up to the random time 7. It is
easy to verify that F, is a o-algebra. If 7 = ¢ for some constant tg > 0, then
Fr reduces to Fy,.

For each t € [0, 00], we define a mapping

G;:[0,t] x 2 — Ky
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by the formula
By(5,0) = 74(w).

A Markov process X = (xy, F, F, Pr) is said to be progressively measurable
with respect to {F;} if the mapping ®; is Bjg 4 x F;/Bs-measurable for each
t € [0, 00|, that is, if we have the condition

&, (E) ={P, € E} € By x Fy for all E € By.

Here Bjg 4 is the o-algebra of all Borel sets in the interval [0,] and By is the
o-algebra in Ky generated by B. It should be noticed that if X' is progressively
measurable and if 7 is a stopping time, then the mapping x,:w + x () (w) is
F/Bs-measurable.

The next definition expresses the idea of “starting afresh” at random times:

Definition 2.2. We say that a progressively measurable Markov process X =
(x4, F, Ft, Pr) has the strong Markov property with respect to {F;} if the
following condition is satisfied: For all h > 0, x € Ky, E € By and all stopping
times 7, we have the formula

Pm{l‘TJrh er | .7'—7} :Ph(fUTaE)y

or equivalently,
P.(AN{z;1p € E}) = / Ph(Tr () (W), ) dPy(w) for all A € F,.
A

We shall state a simple criterion for the strong Markov property in terms
of transition functions.

Let (K, p) be a locally compact, separable metric space. We add a point
0 to the metric space K as the point at infinity if K is not compact, and as
an isolated point if K is compact; so the space Ky = K U {0} is compact
(see Figure 2.10). Let C(K) be the space of real-valued, bounded continuous
functions f(z) on K; the space C(K) is a Banach space with the supremum
norm

[flloo = sup [ f(z)
reK

We say that a function f € C'(K) converges to zero as x — 0 if, for each
€ > 0, there exists a compact subset E of K such that

|f(z)] <e foralzeK\E,

and we then write lim,_.5 f(z) = 0. We let

co() = { € C(8): im i) =0}

The space Cy(K) is a closed subspace of C(K); hence it is a Banach space.
Note that Cy(K) may be identified with C(K) if K is compact.
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Now we introduce a useful convention as follows:

Any real-valued function f(x) on K is extended to
the space Ky = K U {0}by setting f(0) = 0.

From this point of view, the space Cy(K) is identified with the subspace of
C(Kp) which consists of all functions f(z) satisfying the condition f(9) = 0:

Co(K) ={f € C(Kb) : f(0) =0}.

Furthermore, we can extend a Markov transition function p;(z,-) on K to a
Markov transition function p}(x,-) on Ky by the formulas:

pi(x, E) = p(z, F) for all z € K and F € B,
pi(z,{0})=1—p(z,K) forallze K,
pi(0,K) =0, pi(9,{0}) = 1.

Intuitively this means that a Markovian particle moves in the space K until
it “dies” at the time when it reaches the point 0; hence the point 9 is called
the terminal point.

Now we introduce some conditions on the measures p;(x, -) related to con-
tinuity in x € K, for fixed ¢ > 0:

Definition 2.3. (i) A Markov transition function p;(x,-) is called a Feller
function if the function

Tif(x) = /Kpt(fv, dy) f(y)

is a continuous function of 2 € K whenever f is in C(K), that is, if we have
the condition
feCK) = T,f € C(K).

(ii) We say that pi(z,-) is a Co-function if the space Cy(K) is an invariant
subspace of C'(K) for the operators T}:
feCyK) = T.f € Co(K).

Remark 2.3. The Feller property is equivalent to saying that the measures
pe(x, ) depend continuously on z € K in the usual weak topology, for every
fixed t > 0.

The next theorem gives a useful criterion for the strong Markov property
(see [Dyl, Theorem 5.10]):

Theorem 2.11. If the transition function p(z,-) of a right continuous Mar-
kov process X has the Cy-property, then X is a strong Markov process.
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Furthermore, we state a simple criterion for the strong Markov property in
terms of Markov transition functions. To do this, we introduce the following
definition:

Definition 2.4. A Markov transition function p(z,-) on K is said to be uni-
formly stochastically continuous on K if the following condition is satisfied:
For each £ > 0 and each compact F C K, we have the condition

lim sup [1 — p(z, Ue(2))] = 0, (2.27)
tl0 zeR

where U.(z) = {y € K : p(y,x) < e} is an e-neighborhood of z.

It should be emphasized that every uniformly stochastically continuous
transition function is normal and satisfies condition (M) in Theorem 2.10. By
combining part (i) of Theorem 2.10 and Theorem 2.11, we obtain the following
result (see [Dyl, Theorem 6.3]):

Theorem 2.12. Assume that a wuniformly stochastically continuous, Cp-
transition function p(x,-) satisfies condition (L). Then it is the transition
function of some strong Markov process X whose paths are right continuous
and have no discontinuities other than jumps.

A continuous strong Markov process is called a diffusion process.
The next theorem states a sufficient condition for the existence of a diffu-
sion process with a prescribed Markov transition function:

Theorem 2.13. Assume that a wuniformly stochastically continuous, Cp-
transition function pi(x,-) satisfies conditions (L) and (N). Then it is the
transition function of some diffusion process X .

This is an immediate consequence of part (ii) of Theorem 2.10 and
Theorem 2.12.

2.2.5 Markov Transition Functions and Feller Semigroups

The Feller or Cy-property deals with continuity of a Markov transition func-
tion pi(z, E) in z, and does not, by itself, have no concern with continuity
in t. We give a necessary and sufficient condition on p;(z, F') in order that its
associated operators {T}}¢>0, defined by the formula

T.f@) = [ ple,d)fw). f € Calk) (228)
K
is strongly continuous in t on the space Co(K):
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Then we have the following (cf. [Ta2, Theorem 9.2.3]):

Theorem 2.14. Let pi(x,-) be a Cy-transition function on K. Then the as-
sociated operators {T}i>0, defined by formula (2.28) is strongly continuous
int on Co(K) if and only if pi(x,-) is uniformly stochastically continuous on

K and satisfies condition (L).

Proof. (i) The “if” part: Since continuous functions with compact support are
dense in Cy(K), it suffices to prove the strong continuity of {7} at ¢t = 0:

lim || T3 f — flloe =0 2.30
im | T2.f — £ (2.30)

for all such functions f.
For any compact subset E of K containing the support supp f of f, we
have the inequality

ITif — flloo < sup [Ty f(x) — f(2)| + sup |Tif(z)]
T€EE zeK\E
< sup [Ty f(x) — f(z)] + || flloo - sup p¢(z,supp f). (2.31)
T€EE zeK\E

However, condition (L) implies that, for each e > 0, we can find a compact
subset F of K such that, for all sufficiently small ¢ > 0,

sup pi(z,supp f) < e. (2.32)
zeK\E

On the other hand, we have, for each § > 0,
Tif@) = @) = [ pladp)(70) - (@)
Us(x)

4 / P, dy) (f () — F(2)) — F() (1 - po(, KO)),
K\Us (x)

and hence
sup [T f () — f(x)]
rxEE
< sup [f(y) = f(@)] + 3| flloc - sup [1 — pe(z, Us(z))] -
p(z,y)<é zelE

Since the function f(x) is uniformly continuous, we can choose a positive
constant ¢ such that

sup |f(y) = flz)] <e.

p(z,y)<é

Furthermore, it follows from condition (2.27) with € := ¢ (the uniform stochas-
tic continuity of p;(x,-)) that, for all sufficiently small ¢t > 0,
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Slelg 1 —pi(z,Us(x))] <e.

Hence we have, for all sufficiently small ¢ > 0,

sup [T f(z) = f(@)] < e(l+ 3] flloc). (2.33)
e

Therefore, by carrying inequalities (2.32) and (2.33) into inequality (2.31)
we obtain that, for all sufficiently small ¢t > 0,

ITef = flloo < e(1+4[fllo0)-

This proves the desired formula (2.30), that is, the strong continuity (2.29) of
{T}.

(ii) The “only if” part: For any € K and ¢ > 0, we define a continuous
function f;(y) by the formula (see Figure 2.13)

_ 1- lp('r?y) lfp(.%"y) §5>
rw={p A, (2.34)
fz
& \
e T
Fig. 2.13

Let E be an arbitrary compact subset of K. Then, for all sufficiently small
e > 0, the functions f,, z € E, are in Cy(K) and satisfy the condition

1
1o = flle € _ple,2) forallz, = € . (2.35)

However, for any § > 0, by the compactness of E we can find a finite number
of points x1, 2, ..., x, of E such that

E = Usepalan),
k=1

and hence

o
. - '
11Sr}€12np(x,xk) < 4 forall z € £

Thus, by combining this inequality with inequality (2.35) with z := z; we
obtain that
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5
. B _ .
i [fe = folle < forallz € E. (2.36)

Now we have, by formula (2.34),

0<1— pile,Unlw)) < 1— /K P dy) £ (y)

= fa(x) = Tt fo(x)
< |fe = Tifalloo
< fe = foulloo + I far = Tefarlloo
HN Tt for, — Tt felloo
<2 fo = faulloo + 1for — Tifarlloe forall z € E.

In view of inequality (2.36), the first term on the last inequality is bounded by
/2 for the right choice of k. Furthermore, it follows from the strong continuity
(2.30) of {T}} that the second term tends to zero as ¢ | 0 for each k =1, 2,
ey .
Consequently, we have, for all sufficiently small ¢t > 0,

sup [1 — pe(z, Uc(2))] < 6.
zeE
This proves the desired condition (2.27), that is, the uniform stochastic con-
tinuity of pi(z, ).
Finally, it remains to verify condition (L). Assume, to the contrary, that:
For some s > 0 and some compact E C K, there exist a positive constant
€0, a sequence {tr}, tp | t (0 <t < s) and a sequence {x}, x, — 0, such
that
pr,, (Tr, E) > €p. (2.37)

Now we take a relatively compact subset U of K containing F, and let
(see Figure 2.14)
p(z, K\U)
p(x, E) + p(z, K\ U)

Then it follows that the function f(x) is in Cp(K) and satisfies the condi-
tion

Tof(0) = [ (o dn) ) = pula. B) 2 0
Therefore, by combining this inequality with inequality (2.37) we obtain that
Ty, f(xr) > pe, (xr, E) > €o. (2.38)
However, we have the inequality

Ty f(xr) < || T f — Tieflloo + Tt f (k). (2.39)
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f

Since the semigroup {7}} is strongly continuous and since we have the asser-
tion

lim 7, f(a) = Tof(9) = 0,
we can let k — oo in inequality (2.39) to obtain that

limsup T3, f(z1) = 0.

k—o0

This contradicts inequality (2.38).
The proof of Theorem 2.14 is now complete. O

A family {T}}:>0 of bounded linear operators acting on the space Cy(K) is
called a Feller semigroup on K if it satisfies the following three conditions:

(i) Ty4s =Ty - Ts, t, s > 0 (the semigroup property); To = I.
(ii) The family {7} is strongly continuous in ¢ for all ¢ > 0:

lsiH)lHTlH*Sf —Tiflloo =0, f € Co(K).

(iii) The family {T;} is non-negative and contractive on Co(K):
FeC(K),0< f(x)<1 onK = 0<Tif(z)<1 onK.

Rephrased, Theorem 2.14 gives a characterization of Feller semigroups in
terms of Markov transition functions:

Theorem 2.15. If p,(z,-) is a wuniformly stochastically continuous Cp-
transition function on K and satisfies condition (L), then ils associated
operators {Ti}i>0, defined by formula (2.28), form a Feller semigroup on K.

Conversely, if {Tt}i>0 is a Feller semigroup on K, then there exists a uni-
formly stochastically continuous Co-transition pi(x,-) on K, satisfying condi-
tion (L), such that formula (2.28) holds.

The most important applications of Theorem 2.15 are of course in the
second statement.
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2.2.6 Generation Theorems of Feller Semigroups

In this subsection we prove various generation theorems of Feller semigroups
by using the Hille-Yosida theory of semigroups.
If {T,}:>0 is a Feller semigroup on K, we define its infinitesimal generator

A by the formula
Tiu—u

Au = ltllrg ;o UE Co(K), (2.40)

provided that the limit (2.40) exists in the space Cy(K). More precisely, the
generator A is a linear operator from Co(K) into itself defined as follows:

(1) The domain D(A) of A is the set
D(A) = {u € Cy(K) : the limit (2.40) exists} .

(2) Au = lim; o %", u € D(A).

The next theorem is a version of the Hille-Yosida theorem adapted to the
present context (cf. [Ta2, Theorem 9.3.1 and Corollary 9.3.2]):

Theorem 2.16 (Hille—Yosida). (i) Let {Ti}i>0 be a Feller semigroup on
K and let A be its infinitesimal generator. Then we have the following four
assertions:

(a) The domain D(A) is dense in the space Co(K).

(b) For each o > 0, the equation (ol — A)u = f has a unique solution u
in D(A) for any f € Co(K). Hence, for each o > 0 the Green operator
(al —A)~1: Co(K) — Co(K) can be defined by the formula

w=(al - A)lf, feCyK).
(c) For each o > 0, the operator (al — A)™1 is non-negative on Co(K):
feCy(K), f(z) >0 onK = (al —A)'f(x)>0 on K.

(d) For each o > 0, the operator (al — A)~t is bounded on Co(K) with norm
Jal -4~ <t
= a'

(i) Conversely, if A is a linear operator from Cy(K) into itself satisfying
condition (a) and if there is a mon-negative constant ag such that, for all
a > ap, conditions (b) through (d) are satisfied, then A is the infinitesimal
generator of some Feller semigroup {T}}¢>0 on K.

Proof. In view of the Hille-Yosida theory (see [Yo, Chapter IX, Section 7]), it
suffices to show that the semigroup {T}};>0 is non-negative if and only if its
resolvents (Green operators) {(al — A)'},~q, are non-negative.
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The “only if” part is an immediate consequence of the following expression
of (al — A)~! in terms of the semigroup {7}}:

(ol —A)~! :/ exp|—at] Ty dt, o > 0.
0

On the other hand, the “if” part follows from the expression of the semi-
group Ty(«) in terms of the Yosida approximation J, = a(al — A)~%:

Ti () = exp[—at] exp [atJ,] = exp[—at] Z (O;f')n J2,
n=0 :

and the definition of the semigroup 73:

Tt = lim Tt(Oé).

a— 00

The proof of Theorem 2.16 is complete. 0O

Corollary 2.17. Let K be a compact metric space and let A be the infinitesi-
mal generator of a Feller semigroup on K. Assume that the constant function
1 belongs to the domain D(A) of A and that we have, for some constant c,

Al(z) < —¢ on K. (2.41)

Then the operator A’ = A + cl is the infinitesimal generator of some Feller
semigroup on K.

Proof. Tt follows from an application of part (i) of Theorem 2.16 that, for all
a > c the operators

(ol — A')*1 =({(a—c)] - A)71

are defined and non-negative on the whole space C'(K). However, in view of
inequality (2.41) we obtain that

a<a—(Al+c)=(al —A)1 on K,

so that
alal =AY "1 <(al —A) Hal —A)1 =1 onK.

Hence we have, for all a > ¢,
n—1 n—1 1
el =AY = (el = A) " 1o <.
Therefore, by applying part (ii) of Theorem 2.16 to the operator A’ we

find that A’ is the infinitesimal generator of some Feller semigroup on K.
The proof of Corollary 2.17 is complete. O
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Now we write down explicitly the infinitesimal generators of Feller semi-
groups associated with the transition functions in Examples 2.1 through 2.7
(cf. [DY]).

Ezample 2.8 (Uniform motion). K = R and

{D(A) ={f€Co(K): f' € Co(K)},
Af =vf', feDA).

Ezample 2.9 (Poisson process). K = R and

{D(A) = Cp(K),
Af(z) = Mf(x +1) = f(2)), [feDA).

The operator A is not “local”; the value Af(x) depends on the values f(x)
and f(z + 1). This reflects the fact that the Poisson process changes state by
jumps.

Ezample 2.10 (Brownian motion). K = R and

{D(A) ={feC(K): f € Co(K), f"ecCo(K)},
Af = éf”, f e D(A).

The operator A is “local”, that is, the value Af(x) is determined by the
values of f in an arbitrary small neighborhood of z. This reflects the fact that
Brownian motion changes state by continuous motion.

Ezample 2.11 (Brownian motion with constant drift). K = R and

{D(A) ={feC(K): f €Co(K), f"ecCo(K)},
Af=1f"+mf', feDA.

Ezample 2.12 (Cauchy process). K = R and, the domain D(A) contains C?
functions on K with compact support, and the infinitesimal generator A is of
the form

+o00
A =1 [ - ) Y.

T J_o Y

The operator A is not “local”, which reflects the fact that the Cauchy
process changes state by jumps.

Ezample 2.13 (Reflecting barrier Brownian motion). K = [0,00) and

{DM)UGCMK%ﬂech%f”EQUQ_NWOL
Af=1f", feD(A).
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Ezample 2.1 (Sticking barrier Brownian motion). K = [0, 00) and

{D(A) ={f € Co(K) : f' € Co(K), f" € Co(K), f"(0) =0},
Af= 11", feDA).

Finally, here are two more examples where it is difficult to begin with a
transition function and the infinitesimal generator is the basic tool of describ-
ing the process.

Ezample 2.15 (Sticky barrier Brownian motion). K = [0, 00) and

{D(A) = {f € Co(K) : ' € Co(K), [" € Co(K), '(0) —arf(0) = 0},
Af=1Lf", feD(A),

Here « is a positive constant.

This process may be thought of as a “combination” of the reflecting and
sticking Brownian motions. The reflecting and sticking cases are obtained by
letting @ — 0 and o — o0, respectively.

Ezample 2.16 (Absorbing barrier Brownian motion). K = [0,00) where the
boundary point 0 is identified with the point at infinity 0.

{D(A) = {f € Co(K) : ' € Co(K), " € Co(K), £(0) = 0},
Af=1Lf", feD(A)

This represents Brownian motion with an absorbing barrier at z = 0; a
Brownian particle “dies” at the first moment when it hits the boundary x = 0.
Namely, the point 0 is the terminal point.

It is worth pointing out here that a strong Markov process cannot stay at
a single position for a positive length of time and then leave that position by
continuous motion; it must either jump away or leave instantaneously.

We give a simple example of a strong Markov process which changes
state not by continuous motion but by jumps when the motion reaches the
boundary.

Ezample 2.17. K = [0, 00).

D(A) = {f € Co(K)NC*(K) : [ € Co(K), f" € Co(K),

1(0) = 2¢ [7(£(y) — F(0))dF(y),
Af=1Lf", feD(A),

Here ¢ is a positive constant and F' is a distribution function on the interval
(0, 00).

This process may be interpreted as follows. When a Brownian particle
reaches the boundary = = 0, it stays there for a positive length of time and
then jumps back to a random point, chosen with the function F', in the interior
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(0,00). The constant ¢ is the parameter in the “waiting time” distribution at
the boundary « = 0. We remark that the boundary condition

£7(0) = 2¢ / T (Fw) — £(0)) dE(y)

depends on the values of f far away from the boundary = = 0, unlike the
boundary conditions in Examples 2.13 through 2.16.

Although Theorem 2.16 asserts precisely when a linear operator A is the
infinitesimal generator of some Feller semigroup, it is usually difficult to verify
conditions (b) through (d). So we give useful criteria in terms of the mazimum
principle (see [BCP], [SU], [Ral, [Ta2, Theorem 9.3.3 and Corollary 9.3.4]):

Theorem 2.18 (Hille-Yosida—Ray). Let K be a compact metric space.
Then we have the following two assertions:

(i) Let B be a linear operator from C(K) = Co(K) into itself, and assume
that:
(o) The domain D(B) of B is dense in the space C(K).
(B) There exists an open and dense subset Ko of K such that if a function
u € D(B) takes a positive mazimum at a point xo of Ko, then we
have the inequality
Bu(xp) < 0.

Then the operator B is closable in the space C'(K).
(ii) Let B be as in part (i), and further assume that:
(8') If a function w € D(B) takes a positive mazimum at a point &' of K,
then we have the inequality

Bu(z") <0.
() For some ag > 0, the range R(canl — B) of gl — B is dense in the
space C(K).

Then the minimal closed extension B of B is the infinitesimal generator
of some Feller semigroup on K.

Proof. (i) Tt suffices to show that:
{u,} € D(B), u, — 0 and Bu,, - v inC(K) = v=0.

By replacing v by —wv if necessary, we assume, to the contrary, that:

The function v(x) takes a positive value at some point of K.

Then, since K is open and dense in K, we can find a point xg of Ky, a
neighborhood U of zy contained in Ky and a positive constant € such that we
have, for all sufficiently large n,

Buy(xz) >¢e forallz € U. (2.42)



2.2 Markov Processes and Feller Semigroups 49
On the other hand, by condition («) there exists a function h € D(B) such

that
h(l’o) > 1,
h(z) <0 forallz e K\U.

Therefore, since u,, — 0 in C(K), it follows that the function

by eh(z)
Unl@) =T}y B
satisfies the conditions
/ Eh(ﬂ?o)
= Unp 0>
Unlo) = unlo) gy
eh(x)

ul () = up(x) + <0 forallz e K\U,

1+ [|BA]l o

if n is sufficiently large. This implies that the function u!, € D(B) takes its
positive maximum at a point ], of U C K. Hence we have, by condition (3),

Bu!,(z]) <0.
However, it follows from inequality (2.42) that

Bh(y,)

Bu ()) = Bun(2z)) + ¢

> Buy(z,) —e > 0.

This is a contradiction.

(ii) We apply part (ii) of Theorem 2.16 to the minimal closed extension B
of B. The proof is divided into six steps.

Step 1: First, we show that

uweDB), (il —Bu>0 on K = u>0 onkK. (2.43)
By condition (v), we can find a function v € D(B) such that
(el —B)v>1 on K. (2.44)
Then we have, for any € > 0,

u+ev € D(B),
(ol — B)(u+¢ev) >e¢ on K.

In view of condition ('), this implies that the function —(u(z) + ev(x)) does
not take any positive maximum on K, so that

u(z) +ev(z) >0 on K.
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Thus, by letting € | 0 in this inequality we obtain that
u(z) >0 on K.

This proves the desired assertion (2.43).

Step 2: It follows from assertion (2.43) that the inverse (gl — B)~! of
apl — B is defined and non-negative on the range R(aol — B). Moreover, it
is bounded with norm

I(eol = B)7H| < [[v]|oc- (2.45)

Here v(x) is the function which satisfies condition (2.44).
Indeed, since g = (apl — B)v > 1 on K, it follows that, for all f € C(K),

—[[fllcg < f < | fllocg on K.
Hence, by the non-negativity of (agI — B)~! we have, for all f € R(aol — B),
[ fllocv < (a0l = B) "' f < [|flloov on K.

This proves the desired inequality (2.45).
Step 3: Next we show that

R(aol — B) = C(K). (2.46)

Let f(x) be an arbitrary element of C(K). By condition (), we can find a
sequence {u,} in D(B) such that f,, = (ol — B)u, — f in C(K). Since the
inverse (apl — B)~! is bounded, it follows that u, = (agl — B)~f, converges

to some function v € C(K), and hence Bu,, = agu, — f,, converges to aou— f
in C(K). Thus we have, by the closedness of B,

u € D(B),
Bu = agu — f,
so that
(Ozo] — B)u = f
This proves the desired assertion (2.46).
Step 4: Furthermore, we show that
ueDB), (Il —Bu>0 on K = u>0 onkK. (2.47)

Since R(apl — B) = C(K), in view of the proof of assertion (2.47) it
suffices to show the following:
If a function u € D(B) takes a positive maximum at a point 2’ of K, then
we have the inequality
Bu(z") <0. (2.48)

Assume, to the contrary, that

Bu(z") > 0.
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Since there exists a sequence {uy,} in D(B) such that w,, — u and Bu,, — Bu
in C(K), we can find a neighborhood U of 2’ and a positive constant € such
that, for all sufficiently large n,

Buy,(xz) >¢e forallz € U. (2.49)

Furthermore, by condition («) we can find a function h € D(B) such that

h(z') > 1,
h(z) <0 forallz e K\U.

Then it follows that the function

eh(x)

/ _
@) =)y B

satisfies the condition

ul, (z') > u(x’) > 0,
up () <wu(z') forallze K\U,

if n is sufficiently large. This implies that the function u!, € D(B) takes its
positive maximum at a point 2], of U. Hence we have, by condition (3),

Bu, (z;,) <0, ) €U.
However, it follows from inequality (2.49) that

Bh(x,)

Bu (2!) = Bup(z)) + ¢

> Buy,(z],) —e > 0.

This is a contradiction.
Step 5: In view of Steps 3 and 4, we obtain that the inverse (gl — B)~*
of agl — B is defined on the whole space C(K), and is bounded with norm

(a0l = B)7!| = [[(ao! — B) "1

Step 6: Finally, we show that:
For all a > ap, the inverse (al — B)~! of al — B is defined on the whole
space C(K), and is non-negative and bounded with norm

[(al =B)~!| < ; (2.50)

We let
Gy = (gl — B)™%.

First, we choose a constant a; > «g such that

(1 —ap)[|Ga, || < 1,
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and let
ag < a<ag.

Then, for any f € C(K), the Neumann series

u = <I+Z ap — )" G )Gaof
converges in C'(K), and is a solution of the equation
u— (g — a)Gogu = Ga, f-
Hence we have the assertions

{u € D(B),
(al — B)u = f.

This proves that
R(al — B)=C(K), as<a<a. (2.51)

Thus, by arguing just as in the proof of Step 1 we obtain that, for any ag <
a < ai,
u€D(B), (a] —Bju>0on K = u>0onK. (2.52)

By combining assertions (2.51) and (2.52), we find that, for any ap < a < ay,
the inverse (ol — B)~! is defined and non-negative on the whole space C(K).
We let
Go = (al — B)_l, ap < a<a.

Then it follows that the operator G, is bounded with norm

1
W< 2.
IGall < (2:53)

Indeed, in view of assertion (2.48) it follows that if a function v € D(B) takes
a positive maximum at a point ' of K, then we have the inequality

Bu(z") <0,
so that

21&}((“(@ =u(z') < Cly(ozf — B)u(z) < Cly||(osz B)ul| co- (2.54)

Similarly, if the function u € D(B) takes a negative minimum at a point of
K, then (replacing u(x) by —u(zx)), we have the inequality

. 1
— min u(z) = max(—u() < _ [[(@] = B)ullc. (2.55)
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The desired inequality (2.53) follows from inequalities (2.54) and (2.55).
Summing up, we have proved assertion (2.50) for all ap < o < 3.
Now we assume that assertion (2.50) is proved for all ap < a < -1,
n =2, 3, .... Then, by taking

«
Q= 20,1 — 21, n > 2,
or equivalently
1
an = (2”‘2 + 2) al, n>2,
we have, for all a,, 1 < a < ay,
O — p—1
(@ —ap-1)[|Ga, || < "
Qp—1
Qp — Op—1
- Qp—1
B 1
S 1422

< 1.

Hence assertion (2.50) for a,—1 < a < a, is proved just as in the proof of

assertion (2.50) for ap < a < ay. This proves the desired assertion (2.50).
Consequently, by applying part (ii) of Theorem 2.16 to the operator B we

obtain that B is the infinitesimal generator of some Feller semigroup on K.
The proof of Theorem 2.18 is now complete. O

Corollary 2.19. Let A be the infinitesimal generator of a Feller semigroup
on a compact metric space K and let M be a bounded linear operator on C(K)
into itself. Assume that either M or A" = A4+ M satisfies condition (3'). Then
the operator A’ is the infinitesimal generator of some Feller semigroup on K.

Proof. We apply part (ii) of Theorem 2.18 to the operator A’.

First, we remark that A’ = A + M is a densely defined, closed linear
operator from C(K) into itself. Since the semigroup {7}}:>0 is non-negative
and contractive on C'(K), it follows that if a function u € D(A) takes a positive
maximum at a point =’ of K, then we have the inequality

/ /
- Tou(x') — u(a’)

Au(z") =1

<0.
t10 t -

This implies that if M satisfies condition ('), so does A’ = A + M.
We let
Gao = (Ozo] - A)_l, ap > 0.

If g is so large that

[M]
[Gao M| < [[Gal - [[M]] < <1

)
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then the Neumann series

o0

u= (1 - Z(G%M)n> Goof

n=1

converges in C(K) for any f € C(K), and is a solution of the equation
u—GogMu= Gy, f.

Hence we have the assertions

{u € D(A) = D(4A),
(ol — A)u = f.

This proves that
R(apgl — A" = C(K).

Therefore, by applying part (ii) of Theorem 2.18 to the operator A" we
obtain that A’ is the infinitesimal generator of some Feller semigroup on K.
The proof of Corollary 2.19 is complete. O



3

L?P Theory of Pseudo-Differential Operators

In this chapter we present a brief description of the basic concepts and results
of the LP theory of pseudo-differential operators which may be considered as a
modern theory of the classical potential theory. In particular, we formulate the
Besov space boundedness theorem due to Bourdaud [Bo] (Theorem 3.15) and
a useful criterion for hypoellipticity due to Hérmander [Ho2] (Theorem 3.16)
which play an essential role in the proof of our main results. For detailed
studies of pseudo-differential operators, the reader is referred to Chazarain—
Piriou [CP], Hérmander [Ho3|, Kumano-go [Ku] and Taylor [Ty].

3.1 Function Spaces

Let {2 be a bounded domain of Euclidean space R™ with smooth boundary
I' = 092. Tts closure 2 = 2UI is an n-dimensional, compact smooth manifold
with boundary. We may assume the following (see Figures 3.1 and 3.2):

(a) The domain {2 is a relatively compact open subset of an n-dimensional,
compact smooth manifold M without boundary in which (2 has a smooth
boundary I'.

(b) In a neighborhood W of I' in M a normal coordinate ¢ is chosen so that
the points of W are represented as (2/,t), 2’ € I', =1 <t < 1;t > 01in {2,
t<0in M\ §2andt=0onlyonI.

(¢) The manifold M is equipped with a strictly positive density g which, on
W, is the product of a strictly positive density w on I" and the Lebesgue
measure dt on (—1,1). This manifold M is called the double of {2.

The function spaces we shall treat are the following (cf. [AF], [BL], [Cal,
[Fr1], [Th], [Tr]):

(i) The generalized Sobolev spaces H*P((2) and H®P(M), consisting of all
potentials of order s of LP functions. When s is integral, these spaces co-
incide with the usual Sobolev spaces WP (£2) and W*P? (M), respectively.

K. Taira, Boundary Value Problems and Markov Processes, 55
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 3,
(© Springer-Verlag Berlin Heidelberg 2009



56 3 LP Theory of Pseudo-Differential Operators

M

=00 ={t=0}

Fig. 3.1.

w \—/ I'={t=0}
\ {0<t < 1}/
{—1<t<0}

Fig. 3.2.

(ii) The Besov spaces B*P(I"). These are functions spaces defined in terms
of the LP modulus of continuity, and enter naturally in connection with
boundary value problems.

First, if 1 < p < o0, we let

LP(£2) = the space of (equivalence classes of) Lebesgue
measurable functions u(z) on {2 such that |u(x)|P

is integrable on (2.

The space LP({2) is a Banach space with the norm
1/p
full = [ Jutaas)
Q

L>°(£2) = the space of (equivalence classes of) essentially bounded,

For p = oo, we let

Lebesgue measurable functions u(x) on 2.
The space L™ ({2) is a Banach space with the norm

[ufloc = esssup,eq u(2)].
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We recall the basic definitions and facts about the Fourier transform. If
f € LY(R"™), we define its (direct) Fourier transform F f(&) by the formula

FIO = [ e @ €= (66,

where i = /—1 and @ - & = 21&; + 2262 + ... + 2,&,. We also denote Ff(€)

~

by f(§).

Similarly, if ¢ € L*(R™), we define its inverse Fourier transform F*g(x)

by the formula
1 .
* _ iz-£
Fofa) = gy [ e Sale)de

We also denote F*g(x) by g(z).
We introduce a subspace of L!(R™) which is invariant under the Fourier
transform. We define the Schwartz space

S(R™) = the space of smooth functions ¢(z) rapidly decreasing at infinity
on R™ such that we have, for any non-negative integer j,

pie) = sup {(1+|a?)/2|0p(x) | < oo,

| <3

We equip the space S(R™) with the topology defined by the countable family
{p,} of seminorms. The space S(R™) is a Fréchet space. The transforms F
and F* map S(R™) continuously into itself, and FF* = F*F = I on S(R").

Ezxample 3.1. For a > 0, we have the assertion
p(z) = ezl ¢ S(R").

Furthermore, it is easy to verify the following formulas:

. 2 n/2 x 2
Fol€) = / et g = (MY
1

FF® = (3.

[ e ae) de = pla).

Since the injection of C§°(R™) into S(R™) is continuous, it follows that
the dual space §'(R™) of S(R"™) consists of those distributions 7' € D'(R")
that have continuous extensions to S(R™). The elements of S'(R") are called
tempered distributions on R™.

Roughly speaking, the tempered distributions are those which grow at
most polynomially at infinity, since the functions in S(R™) die out faster than
any power of x at infinity. More precisely, we have the following examples of
tempered distributions:

(1) The functions in LP(R™), 1 < p < oo, are tempered distributions.
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(2) A locally integrable function on R"™ is a tempered distribution if it grows
at most polynomially at infinity.

(3) Ifu € S'(R™) and f(x) is a smooth function on R™ all of whose derivatives
grow at most polynomially at infinity, then the product f(z)u(x) is a
tempered distribution.

(4) Any derivative of a tempered distribution is also a tempered distribution.

Now we give some concrete and important examples of distributions in the
space S’'(R"™):

Ezample 3.2. (a) The Dirac measure: 6(z).
(b) Riesz potentials:

I'((n—a«)/2) 1

R, = , O<a<n.
(@) = gamnizp(a/2) jojn-o asn
(¢) Newtonian potentials:
_I(n=2)/2) 1

N(z) = /2 2|2’ n > 3.

(d) Bessel potentials:
1 1 > 2 a-n dt
G, = —t= 4 4 2 ; 0.
)= Pla/2) (4mynr2 /0 c e 47

It is known (see [AS]) that the function G, (z) is represented as follows:
_ 1
- 2(n+a—2)/2ﬂ-n/2[‘(a/2)

where K(;,_q)/2(2) is the modified Bessel function of the third kind (cf. [Wt]).
(e) Riesz kernels:

Gao(7) Kn—ay/2(l2]) 2] 2",

Fn+1)/2) |

Rj(z) = V-1 1)z VP |+ 1<j<n.
The distribution v.p. (z;/|z|"™!) is an extension of v.p.(1/z) to the n-
dimensional case.

The importance of tempered distributions lies in the fact that they have
Fourier transforms.

The direct and inverse Fourier transforms can be extended to the space
S'(R™) by the following formulas:

(Fu,0) = (u,Fo), ueS'R"), peSMR").

(Fro,90) = (v, Fp), veS'(R"), peSR").
Once again, the transforms F and F* map S’(R"™) continuously into itself,
and FF* = F*F =1 on S'(R").

We can calculate explicitly the Fourier transform of the tempered distri-
butions in Example 3.2 as follows:
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Ezample 3.3. (a) The Dirac measure: (F9§)(¢) = 1.
(b) Riesz potentials:

(FR.)() = |£1‘a, 0<a<n.

(¢) Newtonian potentials:
(NI = gar n 23
(d) Bessel potentials:
1
(FGa)(§) = (14 feyer @0
(e) Riesz kernels:
FR)Q = . 1<i<n

If s € R, we define a linear map
J*:S'(R") — S'(R™)
by the formula
Jou = F* ((1 + |g\2>*s/2fu) . ueS(RM).
This can be visualized as follows:

veS'RY —L S'(R") 5 Jou

g -

Fu € S'(R") S'(R") 3 (1+ [¢]*)*/*Fu

(1+g[2)==/2
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Then it is easy to see that the map J* is an isomorphism of S’(R"™) onto itself
and that its inverse is the map J~%. The function J%u is called the Bessel

potential of order s of u.
(I) Now, if s€e R and 1 < p < oo, we let

H*P(R") = the image of LP(R™) under the mapping J*.

We equip H*?(R"™) with the norm |jul|s, = ||J *u|, for v € H>P(R"™). The

space H*P(R") is called the (generalized) Sobolev space of order s.
We list some basic topological properties of H*P(R"):

(1) The Schwartz space S(R") is dense in each H*P(R").
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(2) The space H—5? (R™) is the dual space of H*?(R™), where p’ = p/(p—1)
is the exponent conjugate to p.
(3) If s > ¢, then we have the inclusions

S(R") C H*P(R") C H"P(R") C §'(R"),

with continuous injections.

(4) If s is a non-negative integer, then the space H*P(R™) is isomorphic to
the usual Sobolev space WP (R™), that is, the space H*>P(R"™) coincides
with the space of functions u € LP(R"™) such that D*u € LP(R"™) for
|a| < s, and the norm || - |5, is equivalent to the norm

1/p

> /R D u(@)[Pdx

laf<s
(IT) Next, if 1 < p < oo, we let

B*P(R™!) = the space of (equivalence classes of) functions
o(z') € LP(R™1) for which the integral

ol +v/) — 20(a) + o~V
Rm-1xRn-1 ly/| e Y

is finite.

The space BY?(R"~!) is a Banach space with respect to the norm

w= ([ wirar
Rn-1

e’ +y) = 20() + 0@ =y )P L, N
- Rn-1xRn-1 ly/| e v '

|

If p = o0, we let

B> (R" 1) = the space of (equivalence classes of) functions
o(z') € L>®(R"1) for which the quantity
) = 20(- s
p 19080 =200+ 00 =)l
/>0 /]
is finite.

The space B»>°(R" 1) is a Banach space with respect to the norm

. N —20p(- —y
ly'[>0 /|

If s € R, we let
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B*?(R"!) = the image of BY?(R"1) under the mapping J'*~', where

J”*!is the Bessel potential of order s — 1 on R"~!.

for
Lp
o(z') € B*P(R"1). The space B>P(R"~!) is called the Besov space of or-

der s.
We list some basic topological properties of BS?(R"1):

(1) The Schwartz space S(R™"1) is dense in each B*?(R"~1!).

(2) The space B~*# (R""!) is the dual space of B*?(R""!), where p/ =
p/(p — 1) is the exponent conjugate to p.

(3) If s > ¢, then we have the inclusions

We equip the space B*P(R"™!) with the norm |p|s, = J’fSHcp‘

SR BYP(R™) € BPP(R™) € S'(R™Y),

with continuous injections.

(4) If s = m + o where m is a non-negative integer and 0 < ¢ < 1, then
the Besov space B*?(R"~!) coincides with the space of functions ¢(z') €
H™P(R"1) such that, for |a| = m, the integral (Slobodeckii seminorm)

D« N D« \|p
Rr—-1xRn—1 |.’17/ — y/|n—1+po

Furthermore, the norm |¢|s,, is equivalent to the norm

(Z / [D7p(a)|" da

|a]<m
D D« \|p 1/p
+Z// D7)~ D g )
= Rr—1xRn—1 |.’17 —y| p

Now we define the generalized Sobolev spaces H*P((2), H*P(M) and the
Besov spaces B*P(I") for arbitrary values of s.
For each s € R, we define

H*?(§2) = the space of distributions u € D’(§2) such that
there exists a function U € H5P(R"™) with Ul = u,

and equip the space H*P?({2) with the norm
ulls p = f [[Ul]s p,

where the infimum is taken over all such U. The space H*P({2) is a Banach
space with respect to the norm || - ||5,. We remark that

HOP(@2) =LP(2); | llow =1 llp-
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The spaces H*P(M) are defined to be locally the spaces H*?(R™), upon
using local coordinate systems flattening out M, together with a partition of
unity. The spaces B*P(I") are defined similarly, with H*P(R™) replaced by
B*P(R"1). The norms of H*?(M) and B*P(I") will be denoted by || - ||s,,
and | - |s,p, respectively.

We state two important theorems that will be used in the study of bound-

ary value problems in the framework of Sobolev spaces of LP type (see [AF],
[BLJ, [St1], [Tx]):

(I) (The trace theorem) Let 1 < p < co. Then the trace map
p: H*P(Q) — B*~YPP(90)

is continuous for all s > 1/p, and is surjective.
(II) (The Rellich-Kondrachov theorem) If s > ¢, then the injections

H*P(M) — H'"P(M),
B*P(002) — B“P(012)
are both compact (or completely continuous).

Finally, we introduce a space of distributions on {2 which behave locally
just like the distributions in H*P(R"):
H»?(§2) = the space of distributions u € D’({2) such that
pu € H¥P(R™) for all p € C§°(12).
We equip the localized Sobolev space H) ¥ (2) with the topology defined by

the seminorms u — ||¢ulls,, as ¢ ranges over C§°(£2). It is easy to verify that
HP(£) is a Fréchet space. The localized Besov space By?(912) is defined

loc loc

similarly, with H%?(R") replaced by B*P(R"1).

3.2 Fourier Integral Operators

In this section, we present a brief description of basic concepts and results of
the theory of Fourier integral operators.

3.2.1 Symbol Classes
Let 2 be an open subset of R*. If m € Rand 0 < § < p < 1, we let

s (£2 % R™) = the set of all functions a(z,8) € C>°(£2 x RY)
with the property that, for any compact K C {2 and
any multi-indices a, 3, there exists a positive constant

Ck ., such that we have, for all z € K and 0 € RV,
0502a(x,0)| < Cka,p(1 + |0y Pl +alBl
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The elements of S)"5(£2 x RY) are called symbols of order m. We drop the
2 x RN and use S,'s when the context is clear.

Ezample 3.4. (1) A polynomial p(z,£) = >, <, @a(z)€” of order m with
coefficients in C*°(£2) is in S7 (2 x R™).
(2) If m € R, the function

QxR" 5 (2,8) — (1+[¢)""*

is in S7%(2 x R").
(3) A function a(x,0) € C*°(2 x (RN \ {0}) is said to be positively homoge-
neous of degree m in 6 if it satisfies the condition

a(z,t0) =t™a(x,0) forallt>0and§c RN\ {0}.

If a(x, 0) is positively homogeneous of degree m in 6 and if ¢(f) is a smooth
function such that ¢(0) = 0 for |§| < 1/2 and ¢(f) = 1 for |§] > 1, then the
function ¢(0)a(z, ) is in Sy (2 x RY).

If K is a compact subset of {2 and if j is a non-negative integer, we define
a seminorm p j,m on S7'5(£2 x RY) by the formula

anp
" N . o ’80 ax a(:c, 9)’
pal X RE) S 0= prcam{@) = S (1 4 ofymeslelsaiol

|l <3

We equip the space S;’}(;(Q x RY) with the topology defined by the family
{pK jm} of seminorms where K ranges over all compact subsets of 2 and
j=0,1,.... The space S/T(S(Q x RY) is a Fréchet space.

We set

SR xRN) = [ S5(2 x RY).
meR

The next theorem gives a meaning to a formal sum of symbols of decreasing

order:

Theorem 3.1. Let a;(x,0) € S:fg(() xRN), mj | —o0, j=0,1,.... Then
there exists a symbol a(x,0) € S]'3(£2 x RY), unique modulo S=°°(2 x RY),
such that we have, for all positive integer k,

=D aj(e,0) € S (2 X RY). (3.1)

If formula (3.1) holds true, we write

0) ~> aj(x,0).
§=0
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The formal sum 372 a;j(,0) is called an asymptotic expansion of a(z, 0).

A symbol a(x,0) € S7%(£2 x RN) is said to be classical if there exist
smooth functions a;(z, ), positively homogeneous of degree m — j in 6 for
|0] > 1, such that we have, for all positive integer k,

k—1
a(z,0) =Y a;(x,0) € S5 (2 x RY).
j=0

The homogeneous function ag(z, ) of degree m is called the principal part of
a(x,0).
We let

™ (2 x RY) = the set of all classical symbols of order m.

For example, the symbols in Example 3.4 are all classical, and they have
respectively as principal part the following functions:

(2) [¢™
(3) a(x,0).

A symbol a(z,0) in S5 (£2 x RY) is said to be elliptic of order m if, for
any compact K C (2, there exists a positive constant C'x such that

la(x,0)] > Cx(1+160))™ for all z € K and |0] > Clx'

There is a simple criterion in the case of classical symbols.

Theorem 3.2. Let a(z,0) be in ST(2 x RYN) with principal part ao(z,0).
Then a(x,0) is elliptic if and only if it satisfies the condition

ap(z,0) #0  for all x € £2 and |0| = 1.

3.2.2 Phase Functions

Let (2 be an open subset of R". A function ¢(z,0) in C* (2 x (RV \ {0}))
is called a phase function on 2 x (RN \ {0}) if it satisfies the following three
conditions:

(a) ¢(x,0) is real-valued.
(b) @(z,0) is positively homogeneous of degree one in the variable 6.
(c) The differential d(xz,0) does not vanish on 2 x (RV \ {0}).

Ezxample 3.5. Let U be an open subset of R? and {2 = U x U. The function
oz, y,8) =(x—y)-¢

is a phase function on the space 2 x (R?\ {0}) with n = 2p and N = p.
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The next lemma will play a fundamental role in defining oscillatory inte-
grals.

Lemma 3.3. If ¢(z,0) is a phase function on 2 x (RN \{0}), then there
exists a first-order differential operator

N
0 0
L= ;aj(:cﬁ)agj + Zbk(:cﬁ)ax + ¢(z,0)
such that

and that its coefficients a;(x,0), by(x,0), c(z, 0) enjoy the following properties:
a;(z,0) € S%O; b(x,0), c(x,0) € Sl_’é.

Furthermore, the transpose L' of L has coefficients a(z,0), b (x,0), ¢'(z,0)
in the same symbol classes as a;(x,0), b(z,0), c(x,0), respectively.

For example, if ¢(x,y, &) is a phase function as in Example 3.5
e(@,y,§) =(@—y) & (z,y) €eUxU € R"\{0}),
then the operator L is given by the formula

p

1 1p(9) BRI S
T V/-124 |xy|2{;1(“””f ui) o, +§ €]2

where p(&) is a function in C§°(RP) such that p(§) =1 for |¢] < 1.

3.2.3 Oscillatory Integrals

If (2 is an open subset of R™, we let

5 (2xRY) = 975 (2 xRN).
meR

If ¢(z,6) is a phase function on 2 x (RY \ {0}), we wish to give a meaning
to the integral

aw) = @ q(z, 0)u(z) dx U 5° .
daw = [[ D pyuta) dnds, wecF@. (32

for each symbol a(z,0) € S5% (2 x RY).
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By Lemma 3.3, we can replace ¥ in formula (3.2) by L(e?). Then a
formal integration by parts gives us that

(au) //IZXRN e?@0) 1/ (a(z, 0)w(z,y)) dz do.

However, the properties of the coefficients of the transpose L’ imply that L’
maps ST s continuously into S 5 for all r € R, where n = min(p,1 —¢). B
ontlnulng this process, we can reduce the growth of the integrand at mﬁnlty
until it becomes mtegrable and give a meaning to the integral (3.2) for each
symbol a(z,0) € S (2 x R™).
More premsely7 we have the following:

Theorem 3.4. (i) The linear functional
S (2 xRY) 3 ar— I,(au) € C

extends uniquely to a linear functional £ on S;% (Q X RN) whose restriction
to each S;’}(; (.Q X RN) is continuous. Furthermore, the restriction of the linear
Sfunctional ¢ to S;’f(; (Q X RN) s expressed as the formula

= / / e @0 (LNY* (a(z, 0)w(z,y)) dz db,
xRN

where k > (m+ N)/n and n = min(p, 1 — 9).
(ii) For any fized a(x,0) € Sy (Q X RN), the mapping
Ce(2) > uvr— I (au) ={l(a) € C (3.3)
is a distribution of order <k for k > (m+ N)/n with n = min(p,1 — 9).
We call the linear functional ¢ on Sgo an oscillatory integral, but use the
standard notation as in formula (3.2). The distribution (3.3) is called the

Fourier integral distribution associated with the phase function ¢(x,6) and
the amplitude a(z, §), and will be denoted as follows:

K(z) = /R . e @Nq(x,0) do.

If u is a distribution on 2, then the singular support of u is the smallest
closed subset of {2 outside of which u is smooth. The singular support of u is
denoted by sing supp u.

The next theorem estimates the singular support of a Fourier integral
distribution.

Theorem 3.5. If ¢(z,0) is a phase function on the space 2 x (RV\ {0})
and if a(x,0) is in S5 (.Q X RN), then the distribution

K(z) = / e @a(x,0)do € D'(2)
RN
satisfies the condition

singsupp K C {z € 2 : dgp(20) = 0 for some § € RN \ {0}}.
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3.2.4 Fourier Integral Operators

Let U and V be open subsets of R? and RY, respectively. If p(z,y,0) is a
phase function on U x V' x (R \ {0}) and if a(z,y,0) € S3%5(U x V x RY),
then there is associated a distribution K € D'(U x V') defined by the formula

K(z,y) = / ei“"(m’y’a)a(x,y, ) do.
RN
By applying Theorem 3.5 to our situation, we obtain that
singsupp K C {(z,y) € U x V : dgpo(,y,0) = 0 for some § € RV \ {0}}.
The distribution K € D'(U x V) defines a continuous linear operator
A CE(V) — D/(U)
by the formula
(Av,u) = (K,u®@uv), ueCFU), ve (V).

The operator A is called the Fourier integral operator associated with the
phase function p(x,y, ) and the amplitude a(x,y, ), and will be denoted as
follows:

Av(z) //V - e @Yz y, 0)o(y)dyds, ve CF(V).
X N

The next theorem summarizes some basic properties of the operator A:

Theorem 3.6. (i) If dyop(z,y,0) # 0 on U x V x (RN \{0}), then the
operator A maps C§° (V') continuously into C*°(U).

(it) If dyop(z,y,0) # 0 on U x V x (RN \{0}), then the operator A
extends to a continuous linear operator on E'(V') into D'(U).

(ii) If dyop(z,y,0) # 0 and dyep(z,y,0) #0 on U x V x (RN \ {0}),
then we have, for all v € E'(V),

sing supp Av
C{z €U :dop(x,y,0) = 0 for some y € singsuppv and § € R \ {0}}.

3.3 Pseudo-Differential Operators

Let 21 and {23 be open subsets of R™ and R"2, respectively. If K (x1,z3) is
a distribution in D’'(£2; x {22), we can define a continuous linear operator

A€ L(CE(2:), D' (21))

by the formula
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(A, )y = (Ko@), ¢eC(f), e C°(§22).

We then write A = Op (K). Since the tensor space C§°(f21) @ C5°(£22) is
sequentially dense in C§° (21 x (22), it follows that the mapping

D'(f1 x 25) 3 K+ Op(K) € L(C3°(£22), D' (1))
is injective. The next theorem asserts that it is also surjective:

Theorem 3.7 (the Schwartz kernel theorem). If A is a continuous lin-
ear operator on C§°(§22) into D'(£21), then there exists a unique distribution
Ka(z1,22) in D'(£21 x §22) such that A = Op (K).

The distribution K 4 is called the kernel of A. Formally we have the formula
AY(z1) = [ Ka(z1,22)¢(22)d2, o € C5°(£22).
2

Now we give some important examples of distributions kernels (see Exam-
ple 3.2):

Ezample 3.6. (a) Riesz potentials: 2, = 2, =R", 0 < a < n.
(—=A)~*2u(z) = Ry * u(x)
_ I'((n—a)/2) / 1

202 (e/2) Jgn |z —y|nm
(b) Newtonian potentials: 2; = 25 = R", n > 3.
(—=A)tu(z) = N * u(z)

_ I'((n=2)/2) 1 o
e fo @i R

(c) Bessel potentials: 1 = 25 = R", a > 0.

u(y)dy, ueCg(R").

(I — A~ 2u(z) = G % u(x) = - Golz —y)u(y)dy, ue CFR™).

(d) Riesz operators: 21 = 2 =R", 1 <j <n.
Yyu(w) = R; + u(x)

=v-1 ((n+1)/2)v.p./ ‘“’”j_yf w(y)dy, e CR™).

(n+1)/2 Rn T — y‘n-&-l

(e) The Calder6n—Zygmund integro-differential operator: 21 = 25 = R".

o = Sy ()@

j=1

I'((n+1)/2) ou
T r(n+1)/2 Z /n |z — |n+1 dy; (y) dy,

UECO( ™.
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Let 2 be an open subset of R™ and m € R.. A pseudo-differential operator
of order m on {2 is a Fourier integral operator of the form

Au(r) = //Q o ei(i_y)‘fa(x,y,f)u(y) dydg, we C§(92), (3.4)

with some a(z,y,§) € S)5(£2 x £2x R"). In other words, a pseudo-differential
operator of order m is a Fourier integral operator associated with the phase
function ¢(z,y,§) = (z —y) - £ and some amplitude a(z,y,§) € S7%5(§2 x 2 x
R"™).

We let

15(£2) = the set of all pseudo-differential operators of order m on 2.

By applying Theorems 3.5 and 3.6 to our situation, we obtain the following
three assertions:

(1) A pseudo-differential operator A maps C§°(£2) continuously into C°°(£2)
and extends to a continuous linear operator A : £'(£2) — D'(12).

(2) The distribution kernel K 4(z,y) of a pseudo-differential operator A sat-
isfies the condition

singsupp K4 C {(z,z) : x € 2},

that is, the kernel K 4 is smooth off the diagonal {(z,z) : € 2} in 2x {2.
(3) singsupp Au C singsuppu, u € &'(£2). In other words, Au is smooth
whenever u is. This property is referred to as the pseudo-local property.

We set

L™>() = () Lys5(02).
meR

The next theorem characterizes the class L~°°(2).

Theorem 3.8. The following three conditions are equivalent:
(i) A e L™°(0).
(ii) A is written in the form (3.4) with some a € S™°(2 x 2 x R™).

(iii) A is a regularizer, or equivalently, its distribution kernel Ka(x,y) is in

the space C°(£2 x §2).

We recall that a continuous linear operator A : C§°(£2) — D'(£2) is said
to be properly supported if the following two conditions are satisfied:

(a) For any compact subset K of {2, there exists a compact subset K’ of (2
such that
suppv C K = suppAv C K'.

(b) For any compact subset K’ of (2, there exists a compact subset K O K’
of (2 such that

suppv N K =0 = suppAvnN K’ = 0.
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If A is properly supported, then it maps C§°(§2) continuously into £'({2)
and extends to a continuous linear operator on C'*°({2) into D’(12).

The next theorem states that every pseudo-differential operator can be
written as the sum of a properly supported operator and a regularizer.

Theorem 3.9. If A € L;’fé(()), then we have the decomposition
A=Ay + R,

where Ay € LZ}(;(.Q) is properly supported and R € L™°°({2).
If p(z,€) € S/T(S(.Q x R™), then the operator p(x, D), defined by the formula

1

(e Du(e) = o,

/R O uE) A we CE(R),  (35)

is a pseudo-differential operator of order m on (2, that is, p(z, D) € LZS(Q).
The next theorem asserts that every properly supported pseudo-differential
operator can be reduced to the form (3.5).

Theorem 3.10. If A € L;’fé(Q) is properly supported, then we have the as-
sertion

p(a,&) = e7 " A(eE) € S)5(92 x R™),
and
A =p(x, D).

Furthermore, if a(z,y,§) € S;’}(;(Q x 2 x R"™) is an amplitude for A, then we
have the following asymptotic expansion:

1 (0% «
Pl €) ~ S L 05 (alr,,6)
a>0 y=x
The function p(x, &) is called the complete symbol of A.

We extend the notion of a complete symbol to the whole space L7's(£2).
If Ae L’p’f(g(!))7 then we choose a properly supported operator Ag € L’p’f(;(())
such that A — Ay € L™°°(42), and define

o(A) = the equivalence class of the complete symbol of Ay in
bs(2xR")/ST(02 x R").

In view of Theorems 3.10 and 3.11, it follows that o(A) does not depend on
the operator Ay chosen. The equivalence class o(A) is called the complete
symbol of A. It is easy to see that the mapping

ps(2) 2 Ar—o0(A) € SJ(2 x R")/ST(02 x R")
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induces an isomorphism
Z”g(!))/L_‘X’(Q) — ;’fé(() x R")/ST (2 x R").

We shall often identify the complete symbol o(A) with a representative
in the class S}'5(£2 x R") for notational convenience, and call any member of
o(A) a complete symbol of A.

A pseudo-differential operator A € L7’,({2) is said to be classical if its
complete symbol o(A) has a representative in the class S77(£2 x R™).

We let

a1 (£2) = the set of all classical pseudo-differential operators of order m
on (2.

Then the mapping

H(2)2Ar—0o(A) e SN2 xR™")/ST(2 xR")
induces an isomorphism

A (Q)/L7(02) — ST (2 xR™)/S™2(2 x R").

Also we have the assertion

= () Lu(

meR

If A € L}(£2), then the principal part of o(A) has a canonical representa-
tive o4 (2, &) € C™(2x (R™\ {0})) which is positively homogeneous of degree
m in the variable . The function o4 (x, ) is called the homogeneous principal
symbol of A.

The next two theorems assert that the class of pseudo-differential operators
forms an algebra closed under the operations of composition of operators and
taking the transpose or adjoint of an operator.

Theorem 3.11. If A € L]'5(£2), then its transpose A" and its adjoint A* are
both in L}'s(2), and the complete symbols o(A’) and o(A*) have respectively
the followmg asymptotic exrpansions:

o(A)(x,€) ~ Z 08D (a(A)(, —€)).,

a>0

~y agpa( A)(,8)).

a>0

Theorem 3.12. If A € L' 5,(2) and B € L™/ 5, (2) where 0 < &' < p" <1
and if one of them is properly supported, then the composition AB is in
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L7 A (Q) with p = min(p, p"), § = max(8',6"), and we have the following
asymptotzc eTpansion:

o(AB)(z,€) ~ Y _55 z,€)) - Dg (0(B)(z,¢)) -

a>0

A pseudo-differential operator A € L7's(£2) is said to be elliptic of order
m if its complete symbol o(A) is elliptic of order m. In view of Theorem 3.2,
it follows that a classical pseudo-differential operator A € L} ((2) is elliptic 1f
and only if its homogeneous principal symbol o4 (2, ) does not vanish on the
space 2 x (R™\ {0}).

The next theorem states that elliptic operators are the “invertible” ele-
ments in the algebra of pseudo-differential operators.

Theorem 3.13. An operator A € LZS(Q) 1s elliptic if and only if there exists
a properly supported operator B € L;?(Q) such that:

AB =1 mod L™>°(2),
BA =T mod L™°°(£).

Such an operator B is called a parametriz for A. In other words, a para-
metrix for A is a two-sided inverse of A modulo L~°°(2). We observe that a
parametrix is unique modulo L~°°(£2).

The next theorem proves the invariance of pseudo-differential operators
under change of coordinates.

Theorem 3.14. Let (21 and (25 be two open subsets of R™ and let x : 21 —
25 be a C* diffeomorphism. If A € L;’fg(fh), where 1 —p <6 < p <1, then
the mapping

AX : C(()X)(.QQ) — 000(92)

vi— A(wox) oy

15 in L;%(QQ), and we have the asymptotic expansion

U(Ax)(y777) ~ Z ;! (8?0(14)) (x,t X/(v’U) .n)- D2 (eir(w,z,n))

a>0

with
r(z, 2,m) = (x(2) — x(2) —X'(z) - (z —z),m).

Here x = x~(y),X'(x) is the derivative of x at x and *X'(z) is its transpose.

Remark 3.1. Formula (3.6) shows that

o(Ay)(y,m) = o(4) (2 X'(x) - m)  mod ST,

Note that the mapping
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2 xR"> (y,n) — (z,) X (x) - n) € 21 xR"

is just a transition map of the cotangent bundle 7%(R™). This implies that
the principal symbol o,,(A) of A € L7's(R") can be invariantly defined on
T*(R™) when 1 —p<d<p<1.

The situation may be represented by the following diagram:

C5o (1) —2— (1)

ol [~

C3°(§22) —— C({X)

X

Here xy*v = v o x is the pull-back of v by y and y.u = wo y ™!

forward of u by x, respectively.

A differential operator of order m with smooth coefficients on {2 is con-
tinuous on H'P(£2) (vesp. B;:P(£2)) into Hy """ (£2) (resp. By,.""’(£2)) for all
s € R. This result extends to pseudo-differential operators:

is the push-

Theorem 3.15 (the Besov space boundedness theorem). Every prop-
erly supported operator A € L’l’fé(Q), 0 < 0 < 1, extends to a continuous
linear operator

A HIP(0Q) — H ™P(0)

loc loc

for all s € R and 1 < p < o0, and also it extends to a continuous linear
operator
A BIP(02) — By ™P(0)

loc loc

foralls e R and 1 < p < 0.

For a proof of Theorem 3.15, the reader might refer to Bourdaud [Bo,
Theorem 1] (see also [Tab, Appendix A]).

Now we define the concept of a pseudo-differential operator on a manifold,
and transfer all the machinery of pseudo-differential operators to manifolds.
Let M be an n-dimensional compact smooth manifold without boundary. The-
orem 3.14 leads us to the following:

Definition 3.1.Let 1 — p < § < p < 1. A continuous linear operator A :
C®(M) — C>=(M) is called a pseudo-differential operator of order m € R if
it satisfies the following two conditions:

(i) The distribution kernel K 4(z,y) of A is smooth off the diagonal {(x,x) :
zeM}yin M x M.
(ii) For any chart (U, x) on M, the mapping

Ay G5 (x(U)) — €= (x(U))

w— Afuoy)ox"

belongs to the class L7; (x(U)).
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We let
(M) = the set of all pseudo-differential operators of order m on M,

and set
L™°(M) = () LJ5(M).
meR
Some results about pseudo-differential operators on R" stated above are
also true for pseudo-differential operators on M. In fact, pseudo-differential
operators on M are defined to be locally pseudo-differential operators on R”.
For example, we have the following five assertions:

(1) A pseudo-differential operator A extends to a continuous linear operator
A:D'(M)— D'(M).

(2) singsupp Au C singsuppu, u € D' (M).

(3) A continuous linear operator A : C*°(M) — D'(M) is a —em regularizer
if and only if it is in the class L~°°(M).

(4) The class L}'s(M) is stable under the operations of composition of oper-
ators and taking the transpose or adjoint of an operator.

(5) (The Besov space boundedness theorem) A pseudo-differential op-
erator A € L’ffé(M), 0 <0 <1, extends to a continuous linear operator

A: H*P(M) — H*"™P(M)

for all s € R and 1 < p < oo, and also it extends to a continuous linear

operator
A:B*P(M) — B*~"P(M)

forall s€ Rand 1 <p < oco.

A pseudo-differential operator A € L7'5(M) is said to be classical if, for
any chart (U, x) on M, the mapping A, : C§° (x(U)) — C* (x(U)) belongs
to the class L7} (x(U)).

We let

m

(M) = the set of all classical pseudo-differential operators of order

m on M.

We observe that
L™(M) = () LH(M).
meR

Let A € LI}(M). If (U,x) is a chart on M, there is associated a ho-
mogeneous principal symbol o4, € C% (x(U) x (R™\ {0})). In view of
Remark 3.1, by smoothly patching together the functions o4, we can ob-
tain a smooth function o4 (z, &) on T*(M) \ {0} = {(z,&) € T*(M) : £ # 0},
which is positively homogeneous of degree m in the variable £. The function
oa(x,€) is called the homogeneous principal symbol of A.
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A classical pseudo-differential operator A € L7(M) is said to be elliptic
of order m if its homogeneous principal symbol o4(x, &) does not vanish on
the bundle T*(M) \ {0} of non-zero cotangent vectors.

Then we have the following assertion:

(6) An operator A € L7} (M) is elliptic if and only if there exists a parametrix
Be L "(M) for A:

AB =T mod L™°(M),
BA =1 mod L~>(M).

Let 2 be an open subset of R™. A properly supported pseudo-differential
operator A on (2 is said to be hypoelliptic if it satisfies the condition

sing supp u = singsupp Au, u € D'(§2).

For example, Theorem 3.13 asserts that elliptic operators are hypoelliptic. We
remark that this notion may be transferred to manifolds.

The following criterion for hypoellipticity is due to Hormander (cf. [Ho2,
Theorem 4.2]):

Theorem 3.16. Let A = p(x,D) € LZZS(Q) be properly supported. Assume
that, for any compact K C 2 and any multi-indices o, (3, there exist positive

constants Cr .3, Cx and a real number p such that we have, for all x € K
and ‘§| > CK7

|DgDIp(w,€)| < Cc.aplp(a, €] (14 [€)) A4V (3.7a)
(@, )] < Cxe (1+ )" (3.7b)

Then there exists a parametrix B € Lﬁ,6(9) for A.






4

L?P Approach to Elliptic Boundary
Value Problems

In this chapter we study elliptic boundary value problems in the framework of
LP-spaces, by using the L? theory of pseudo-differential operators. For more
thorough treatments of this subject, the reader might refer to Hormander
[Hol], Seeley [Se2], Taylor [Ty, Chapter XI| and also Taira [Ta2, Chapter 8]
(L2-version).

4.1 The Dirichlet Problem

In this section we shall consider the Dirichlet problem in the framework of
Sobolev spaces of LP type. This is a generalization of the classical potential
approach to the Dirichlet problem.

Let {2 be a bounded domain of Euclidean space R™ with smooth boundary
I' = 092. Tts closure 2 = 2UI is an n-dimensional, compact smooth manifold
with boundary. We may assume that (2 is the closure of a relatively compact
open subset {2 of an n-dimensional, compact smooth manifold M without
boundary in which 2 has a smooth boundary I'. This manifold M is the
double of (2 (see Figure 4.1).

We let

n
A= aij bl c(x
Z &Tﬁxj + Z + )
4,7=1 i=1
be a second-order, elliptic differential operator with real coefficients such that:
(1) a¥ € C*°(M) and a¥(x) = a’*(z) for all z € M, 1 < i,j < n, and there
exists a positive constant ag such that

n

> a (@))€ > aol¢? on T*(M).

ij=1
Here T*(M) is the cotangent bundle of the double M.

K. Taira, Boundary Value Problems and Markov Processes, 7
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 4,
(© Springer-Verlag Berlin Heidelberg 2009
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M

Fig. 4.1.

(2) b e C®°(M) forall 1 < i< n.
(3) c€ C®(M) and c¢(x) <0 in M.

Furthermore, for simplicity, we assume that:
The function c(x) does not vanish identically on the double M. (4.1)

The next theorem states the existence of a volume potential for A, which
plays the same role for A as the Newtonian potential plays for the Laplacian
(cf. [Sel, Theorem 1] and [Ta2, Theorem 8.2.1]):

Theorem 4.1. (i) The operator A : C*°(M) — C*(M) is bijective, and its
mwverse @ is a classical elliptic pseudo-differential operator of order —2 on M.
(i) The operators A and Q extend respectively to isomorphisms

A HSP(M) — H*%P(M)
Q: H*"?P(M) — H*P(M)

)

for all s € R, which are still inverses of each other.

Next we construct a surface potential for A, which is a generalization of
the classical Poisson kernel for the Laplacian.
We let
Kv=Qv®Jd)|p, velC>).

Here v(2') ® 6(t) is a distribution on M defined by the formula
<IU®5’<)0':U’>:<U790('70)'W>7 (p(x/7t)ecoo(M)’

where p is a strictly positive density on M and w is a strictly positive density
on I' = {t = 0}, respectively.
Then we have the following (cf. [Ta2, Theorem 8.2.2]):
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Theorem 4.2. (i) The operator K is a classical elliptic pseudo-differential
operator of order —1 on I'.

(i) The operator K : C(I") — C°°(I) is bijective, and its inverse L is a
classical elliptic pseudo-differential operator of first order on I'. Furthermore,
the operators K and L extend respectively to isomorphisms

K : BP(I') — BoThP (),
L:B°tP(I) — B7P(I)
for all o € R, which are still inverses of each other.

Now we let
Po=Q(Le®0)la, ¢e€C(I).
Then the operator P maps C*°(I") continuously into C*°(§2), and extends to
a continuous linear operator
P : B*YPP(I) — H*P(02)
for all s € R. Furthermore, we have, for all ¢ € B*~1/P»?(I"),

APp = AQ(Le @ d)|o = (Le®d)|o =0 in £,
Po|lp =KLy = on I

The operator P is called the Poisson operator.
We let

N(A,s,p) ={uec H*P(2): Au=01in 2}, scR.

Since the injection H*P(2) — D’'(2) is continuous, it follows that the null
space N (A, s,p) is a closed subspace of H*?((2); hence it is a Banach space.

Then we have the following fundamental result (cf. [Se2, Theorems 5
and 6]):

Theorem 4.3. The Poisson operator P maps the Besov space B*~Y/P2(I")
isomorphically onto the null space N(A,s,p) for all s € R.

By combining Theorems 4.1 and 4.3, we can obtain the following existence
and uniqueness theorem for the Dirichlet problem (cf. [ADN]):

Theorem 4.4. Let s > 2. The Dirichlet problem

{Au:f in {2,

U= on I’ (4.2)

has a unique solution u(x) in HSP(£2) for any f € H*=%P(2) and any ¢ €
Bs=1/r2(T).

Furthermore, we can prove the following existence and uniqueness theorem
for the Neumann problem (cf. [ADN]):
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Theorem 4.5. Let s > 2. The Neumann problem

{Au:f in 2,

g;‘l =¢p onl (4.3)

has a unique solution u(x) in H*P (L) for any f € H*2P(82) and any ¢ €
Bs=1=1YP2(I"). Here n is the unit interior normal to the boundary I

By Theorem 4.5, we can introduce a linear operator
Gy : H2P(Q) — H*P(02)

as follows: For any f € H*~2P(2), the function Gy f € H*P(§2) is the unique
solution of the problem

Au=f in £2,
fu=0 onl.

The operator G is called the Green operator for the Neumann problem.

4.2 Formulation of a Boundary Value Problem

If u € H?>P(82) = W2P(£2), we can define its traces you and y;u respectively
by the formulas
{WOU =ulr,
nu= onlp;
and let
yu = {you, v1u}
Then we have the following (cf. [St1]):

Theorem 4.6 (the trace theorem). The trace map
v H*P(Q) — B*YPP(I) @ B=Y/PP(I)
s continuous and surjective for all 1 < p < oco.
We define a boundary condition

ou

Bu = a(2') 5 +
n

bz u| = a(z)yu+b@ ) you, wue H>P(1),
r

where a(2’) and b(z’) are real-valued, smooth functions on I.
Then we have the following:

Proposition 4.7. The mapping
B: H*P(02) — B*™YPP()
s continuous for all 1 < p < oo.

Now we can formulate our boundary value problem for (A, B) as follows:
Given functions f € LP(2) and ¢ € B>~Y/PP(I'), find a function u € H>P(12)

such that N f omo
u = in (2,
{Bu =¢ onl. (4.4)
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4.3 Reduction to the Boundary

In this section, by using the operators P and G we shall show that problem
(4.4) can be reduced to the study of a pseudo-differential operator on the
boundary.
First, we remark that every function u(z) in H*?(£2) can be written in
the following form:
u(z) = v(@) + w(z), (45)

where

v=Gn(Au) € H>?({2),
w=u—v€N(A2p) ={zeH*P(2): Az=0in 2}.

Since the operator Gy : LP(£2) — H?*P(§2) is continuous, it follows that the
decomposition (4.5) is continuous; more precisely, we have the inequalities

[vll2,p < CllAullp < Cllufl2,p;
|2,p < ||u||2,p + HUH?,p < CHu”?,p'

[[w

Here the letter C' denotes a generic positive constant.
Now we assume that u € H?P(2) is a solution of the boundary value
problem (4.4)
Au=f in £,
{ Bu=¢ onl.

Then, by virtue of the decomposition (4.5) of u(z) this is equivalent to saying
that w € H?P(§2) is a solution of the boundary value problem

{szo in £,

Bw=¢—Bv onl. (4.6)

Here v(z) = Gy f € H?>P(£2) and w(z) = u(x) — v(z). However, Theorem 4.3
asserts that the spaces N(A4,2,p) and B>~1/PP(I") are isomorphic in such a
way that:

N(A,2,p) =% B> V/PP(D).
N(A,2,p) BXVrr (),

) )

Therefore, we find that w € H*P(§2) is a solution of problem (4.6) if and only
if ¢(z') € B>~Y/PP(I') is a solution of the equation

BPY=¢—Bv onl. (4.7

Here v = yow, or equivalently, w = P1.
Summing up, we obtain the following:
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Proposition 4.8. For functions f € LP(£2) and ¢ € B>~'/PP(I'), there exists
a solution u € H?P(82) of problem (4.4) if and only if there exists a solution
Y € B2Y/PP(I) of equation (4.7). Furthermore, the solutions u(x) and i (z")
are related as follows:

UZGNf-i-Pw.

We remark that equation (4.7) is a generalization of the classical Fredholm
integral equation.

We let
T: C®(I) — C™(I)
p+— BPop.
Then we have, by condition (4.2),
T = a(z")II + b(z'),

where

9 .
Hp=mPp= o (Po)| , @eC>=().
I

It is known (cf. [Hol], [Se2]) that the operator II is a classical pseudo-
differential operator of first order on I'; hence the operator T is a classical
pseudo-differential operator of first order on the boundary I

Consequently, Proposition 4.8 asserts that problem (4.4) can be reduced to
the study of the first-order pseudo-differential operator T' on the boundary I".
We shall formulate this fact more precisely in terms of functional analysis.

First, we remark that the operator T : C°(I") — C°°(I") extends to a
continuous linear operator

T:B*P(I') — B P(I'), scR.
Then we have the formula
Ty = BPyp, ¢ B> '/PP(I),
since the Poisson operator
P: B> YPP(I) — N(A,2,p)
and the boundary operator
B: H*?(Q) — B~Yrr ()

are both continuous.
We associate with problem (4.4) a linear operator

A: H>P(0) — LP(2) @ B>~ Y/Pr(I)

as follows.
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(a) The domain D(A) of A is the space
D(A) = {u e H*(2) = W2¥(Q) : Bue B /P7(I)} .

(b) Au = {Au, Bu}, u € D(A).

Note that the space BQ_I/p’p(F) is a right boundary space associated with
the Dirichlet condition: a(z’) =0 and b(2') =1 on I

Since the operators A : H>P(£2) — LP(§2) and B : H>P(£2) — B'=1/P»(I)
are both continuous, it follows that A is a closed operator. Furthermore, the
operator A is densely defined, since the domain D(A) contains the space

().

Similarly, we associate with equation (4.7) a linear operator
T : B> Yrp(1) — B2 Upe()

as follows.

(«) The domain D(7) of 7 is the space
D(T) = {p e B> /ra(r) : Tp e B>/r0(r)}.

(B) To=Ty, ¢ € D(T).

Then the operator 7 is a densely defined, closed operator, since the opera-
tor T : B>~1/»P(I") — B'~1/PP(T) is continuous and since the domain D(7)
contains the space C*°(I").

The next theorem states that A has regularity property if and only if 7°
has.

Theorem 4.9. The following two conditions are equivalent:

u e LP(), Au € LP(2) and Bu € B> YPP(I') = u € H?>P(R2). (4.8)
@ € BTYPP(I) and Tp € B> Y/PP(I') = ¢ € B>7V/PP(I).  (4.9)

Proof. (i) First, we show that assertion (4.8) implies assertion (4.9). To do
this, assume that

¢ € B7YPP(I') and Ty e BXYPP(D),
Then, by letting w = Py we obtain that
we LP(2), Au=0 and Bu=Typ e B>~Y/PP(I).
Hence it follows from condition (4.8) that

u € H*P(1),
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so that, by Theorem 4.6,
© = you € B27V/PP(I).

(ii) Conversely, we show that assertion (4.9) implies estimate (4.8). To do
this, assume that

we LP(2), Aue LP(R2) and Bue B> Y/PP (D).
Then the distribution u(x) can be decomposed as follows:
u(zr) = v(x) + w(z),

where

v = Gn(Au) € H>P((2),
w=u—v€N(AO0p ={zelP(2): Az=0in 2}.

Moreover, Theorem 4.3 asserts that the distribution w(z) can be written in
the form
w= Py, ¢=vwe B YPP(I).

Hence we have, by Theorem 4.6,
Ty = BPy = Bw = Bu — Bv = Bu — b(z)yov € B>~ Y/PP(I),
since y1v = 0. Thus it follows from condition (4.9) that
pe 32—1/p,p(p)7
so that again, by Theorem 4.3,
w= Pp € H*?(0).

This proves that
u=uv+w € H*(0).

The proof of Theorem 4.9 is complete. O

The next theorem states that a priori estimates for A are entirely equiv-
alent to corresponding a priori estimates for 7.

Theorem 4.10. The following two estimates are equivalent:
||u||2,p <C (”AUHP + ‘Bubfl/p,p + Hqu) y uE D(A)- <4~10)
‘(p|271/p,p S C (|T§0‘271/p,p + |90‘71/p,p) ) (S D(T) (411)

Here and in the following the letter C' denotes a generic positive constant.
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Proof. (i) First, we show that estimate (4.10) implies estimate (4.11).
By taking u = Py with ¢ € D(7) in estimate (4.10), we obtain that

HP@”?,p <C (‘T@‘%l/p,p + HP@HP) : (4.12)

However, Theorem 4.3 asserts that the Poisson operator P maps the Besov
space B5~1/P?(I") isomorphically onto the null space N(A4, s, p) for all s € R.
Thus the desired estimate (4.11) follows from estimate (4.12).

(ii) Conversely, we show that estimate (4.11) implies estimate (4.10).

To do this, we express a function u € D(A) in the form

u(z) = v(z) + w(z),

where

v=Gy(Au) € H*?(12),
w=u—v€N(A2p) ={zeH*P2): Az=0in 2}.

Then we have, by Theorem 4.5 with s := 2,
[vll2p = 1GN(Au)l[2p < CllAu]p. (4.13)

Furthermore, by applying estimate (4.11) to the distribution yow we obtain
that

<cC (\T(’y()w)|2,1/p,p + |'70w|71/p,p)
=C (‘Bw|2—1/1),p + |70w|—1/p,p)
< C (‘Bubfl/p,p + |BU‘271/p,p + |’70w|71/p,p) .

"yowal/p,p

In view of Theorem 4.3, this proves that

[wll2,, < C (|Bu|2—1/p,p + ‘BU|2—1/17,17 + ”wHP)
<C (|Bu|2*1/p,p + [Bvla—1/pp + [Jullp + HUHp)
<cC (|Bu|2*1/p7p + ‘Bv|271/p,p + ||u||p + HUH?,p) . (4.14)

However, since y1v = 0, it follows from an application of Theorem 4.6 that

[Bula—1/p,p = [b(2")700]2-1/p,p < Cllvll2,p- (4.15)

Thus, by carrying estimates (4.13) and (4.15) into estimate (4.14) we obtain
that
lwll2.p < C ([ Aullp + | Bulz-1/p.p + llullp) - (4.16)

Therefore, the desired estimate (4.10) follows from estimates (4.13) and
(4.16), since u(x) = v(z) + w(z).
The proof of Theorem 4.10 is complete. O






5
Proof of Theorem 1.1

This chapter is devoted to the proof of Theorem 1.1. The idea of our proof is
stated as follows. First, we reduce the study of the boundary value problem

(A=Nu=f in D, 1)

Lu = p(a’) g + (2" )u = ¢ on D '
to that of a first-order pseudo-differential operator T'(A\) = LP(\) on the
boundary 9D, just as in Section 4.3. Then we prove that conditions (A) and
(B) are sufficient for the validity of the a priori estimate

lullz.p < CO) (Ifllp + el2—1/pp + llullp) - (1.2)

More precisely, we construct a parametriz S(\) for T'(\) in the Hérmander
class L?,l/Q(aD) (Lemma 5.2), and apply the Besov-space boundedness theo-
rem (Theorem 3.15) to S(A) to obtain the desired estimate (1.2) (Lemma 5.1).

5.1 Boundary Value Problem with Spectral Parameter

Let D be a bounded domain of Euclidean space R with smooth boundary
OD. Tts closure D = D U QD is an N-dimensional, compact smooth manifold
with boundary. We may assume that D is the closure of a relatively compact
open subset D of an N-dimensional, compact smooth manifold D without
boundary in which D has a smooth boundary dD. This manifold D is the
double of D (see Figure 5.1).

We let
N o2 N P
A= at(x + b (z + c(x
Z ( )8561056]- Z ( )8:@ ()
7,7=1 =1
K. Taira, Boundary Value Problems and Markov Processes, 87
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o)

0D

Fig. 5.1.

be a second-order, elliptic differential operator with real coefficients such that:

(1) @' € C*°(D) and a(z) = a/'(z) for all z € D, 1 < i,j < N, and there
exists a positive constant ag such that

N
Z aij(x)fifj Z a0\§|2 on T*(ﬁ),

ij=1

where T*(D) is the cotangent bundle of the double D.
(2) b€ C>®(D) forall1 < i < N.
(3) c€ C*>(D) and ¢(x) <0 in D.

In this chapter we consider the elliptic boundary value problem with spec-
tral parameter
(A=Nu=f in D,
1 ou / (1'1)
Lu = p(z") 52 4+ ~v(2")u = ¢ on 9D.
Here we recall that:

(4) Ais a complex parameter.

(5) p(a’) and y(z') are real-valued, smooth functions on the boundary 9D.

(6) n = (n1,n9,...,ny) is the unit interior normal to the boundary 9D (see
Figure 1.1).

The purpose of this chapter is to prove Theorem 1.1. More precisely, we prove
the a priori estimate

lullzp < CON) (1A = Nullp + | Lula-1/p.p + lullp) , (1.2)

provided that the following two conditions (A) and (B) are satisfied:

(A) p(z') > 0on 0D.
(B) v(2') <0on M := {2’ € 0D : pu(z") = 0}.



5.2 Proof of Estimate (1.2) 89
5.2 Proof of Estimate (1.2)

The proof of Estimate (1.2) is divided into three steps.
Step I: It suffices to show that estimate (1.2) holds true for some A\g > 0,
since we have, for all A € C,

(A= Xo)u=(A—XNu+ (A= Xo)u.

We take a positive constant Ao so large that the function c(x) — Ao satisfies
the condition R
c(x) — Ao <0 on the double D of D. (5.1)

This condition (5.1) implies that condition (4.1) is satisfied for the operator
A — XAg. Therefore, by applying Theorems 4.4 and 4.3 to the operator A — \g
we can obtain the following two fundamental results:

(a) The Dirichlet problem

(A=X)w=0 1in D,
w = on 0D

has a unique solution w € H“P(D) for any function ¢ € B*~Y/PP?(9D)
with ¢t € R.
(b) The Poisson operator

P(\) : B&YPP(dD) — H'P(D),

defined by w = P(\o)¢, is an isomorphism of the space Bt~/P?(9D) onto
the null space N (A — Ao, t,p) = {u € H*P(D) : (A — X\o)u = 0 in D} for
all t € R; and its inverse is the trace operator 7y on the boundary 0D.

We let

T(No): C®(dD) — C=(dD)
@ — LP(Xo)ep.

Then we have the formula
T(Xo) = (2" )II(No) + ('),

where

IO = o (P(o)e)

9 aD

Tt is known that the operator II()\g) is a classical pseudo-differential operator
of first order on the boundary 0D and that its complete symbol is given by
the following formula (cf. [Ta2, Section 10.2]):

(p1(2, &)+ V—-1q(2,€)) + (po(e', &) + V—-1qo(a', "))

+ terms of order < —1 depending on Ay,
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where

p1 (SC/, f/) <0
on the bundle T*(9D) \ {0} of non-zero cotangent vectors.  (5.2)

For example, if A is the usual Laplacian

0? 0? 0?

A=
ox? * 0x3 et 0%’

then we have the formula

p1(2’, &) = minus the length [£'] of ¢’ with respect to the Riemannian

metric of D induced by the natural metric of RV.

Therefore, we obtain that the operator T'(\g) = p(z")II(Ag) + v(2) is a
classical pseudo-differential operator of first order on the boundary 9D and
further that its complete symbol ¢(a’,&’; Ag) is given by the following formula:

t(a', &5 M) = (@) (pr(a', &) +V—-1qu(a',¢))
+ (@) + (@ )po(a', €] + V=1 p(x")go (2", £))
+ terms of order < —1 depending on A. (5.3)

Then, by arguing just as in Section 4.3 we can prove that the question of
the validity of a priori estimates and the question of regularity for solutions
of problem (1.1) for A = )¢ are reduced to the corresponding questions for
the operator T'(Ag) (cf. Theorems 4.9 and 4.10).

Step II: Therefore, in order to prove estimate (1.2) for A = \¢ it suffices
to show the following:

Lemma 5.1. Assume that conditions (A) and (B) are satisfied:

(A) p(z') >0 on ID.
(B)v(2') <0 on M = {2’ € ID : p(x’) = 0}.

Then we have, for all s € R,
p e D'(OD), T(N\o)p € B>P(OD) = ¢ € B*P(dD). (5.4)
Furthermore, for any t < s, there exists a positive constant Cs; such that
[Plsp < Cst (IT(Ro)¢lsp + [@lip) - (5.5)

Proof. (a) The proof of Lemma 5.1 is based on the following lemma (cf. [Ka,
Theorem 3.1]):
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Lemma 5.2. Assume that conditions (A) and (B) are satisfied. Then, for
each point ' of D, we can find a neighborhood U(x") of 2’ such that:

For any compact K C U(z") and any multi-indices «, 3, there exist positive
constants Cr o g and Ck such that we have, for all 2’ € K and all |¢'| > Ck,

DEDE (! €5 00)| < Creap [t €5 00)] (1 + [€]) 71 ¥HA2IPL 1 (5.6a)
1tz €5 )" < Ck. (5.6b)

Granting Lemma 5.2 for the moment, we shall prove Lemma 5.1.

(b) First, we cover D by a finite number of local charts {(Uj,xj)};n:l
in each of which inequalities (5.6a) and (5.6b) hold true. Since the operator
T (\o) satisfies conditions (3.7a) and (3.7b) of Theorem 3.16 with p := 0,
p:=1and § = 1/2, it follows from an application of the same theorem that
there exists a parametriz S(X\g) in the class L?,l/Q(Uj) for T'(No):

T()\())S()\()) =71 mod LioO(Uj),
SO)T(A) =1 mod L~>(Uj).

Let {p; };n:l be a partition of unity subordinate to the covering {U; };n:l, and
choose a function ¥;(z’) € C§°(U;) such that ¥, (2’) = 1 on supp ¢;, so that
i (&)1 () = @i (")

Now we may assume that ¢ € B“P(9D) for some ¢ < s and that T'(\)p €
B#*P(9D). We remark that the operator T'(\g) can be written in the following

form: . .
T(ho) =Y @i T(No)ws + > @ T(No)(1 — ;).

j=1 j=1
However, by applying Theorems 3.12 and 3.8 to our situation we obtain that
the second terms ¢,;T(A\o)(1 — ;) are in L=°°(9D). Indeed, it suffices to note
that

0i(@') (1 —4;(z") = p;(2") — p;(a") = 0.

Hence we are reduced to the study of the first terms ¢, (A\o)t;. This implies

that we have only to prove the following local version of assertions (5.4) and
(5.5):

Y € BYP(Uy), T(Mo)vjp € B¥P(U;) = 0 € B>P(Uj).  (5.7)
Wil < Cor (ITOO)Ws0l3, + [¥50l7 ) - (5.8)

However, by applying the Besov-space boundedness theorem (Theorem 3.15)
to our situation we obtain that the parametrix S(\o) maps B ¥ (U;) contin-

uously into itself for all ¢ € R. This proves the desired assertions (5.7) and
(5.8), since we have the assertion

Vi = S(Ao) (T'(Ao)Yjp) mod C=(Uj).

7
8



92 5 Proof of Theorem 1.1

Lemma 5.1 is proved, apart from the proof of Lemma 5.2.

Step III: Proof of Lemma 5.2

The proof of Lemma 5.2 is divided into five steps.

Step III-1: First, we verify condition (5.6b).

By assertions (5.3) and (5.2), we can find positive constants co and ¢; such
that we have, for all sufficiently large ||,

62", "5 o)l = p(@’) pr(2, ) + po(a’, €] — v(a')
copl@)€] - SAla) 0 < plal) < c
@ ul@E] - ) ifer < ple!) <
since y(z') < 0 on M = {2’ € 9D : p(x’) = 0}. Hence we have, for all
sufficiently large [¢'],

\

1,
L,

[t(z", €5 20)| = C (u(@)[€'] + 1) (5.9)

Here in the following the letter C' denotes a generic positive constant.
Inequality (5.9) implies the desired condition (5.6b):

t(z", &5 20)| = C. (5.10)

Step ITI-2: Next we verify condition (5.6a) for |a| =1 and |5] = 0.
Since we have, for all sufficiently large [£'],

| Dgt(a’, €5 00)| < C (u(a") +1€'171),
it follows from inequality (5.9) that
| Dgt(a’,€'s00)| < CAL+ SN ()€ +1)
SO+ e €5 M)l -

This inequality proves the desired condition (5.6a) for || = 1 and |3] = 0.
Step ITI-3: We verify condition (5.6a) for 5| = 1 and |a| = 0. To do this,
we need the following elementary lemma on non-negative functions.

Lemma 5.3. Let f(z) be a non-negative, C? function on R such that we have,
for some positive constant c,

sup | f"(z)] < c. (5.11)
z€R

Then we have the inequality

| ()] < V2¢\/f(x) onR. (5.12)
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Proof. In view of Taylor’s formula, it follows that

F(€)
2

0< fly)=f(@)+ f'(z)(y — z) + (y—z)?,

where £ is between x and y. Thus, by letting z = z—y we obtain from estimate
(5.11) that

FE) 2

0< f@)+ @+
2

< fl@) + f(z)z +

N for all z € R.

This implies the desired inequality (5.12) if we take the discriminant of the
quadratic equation. 0O

Step III-4: Since we have, for all sufficiently large |£',

‘Df,t(m’,f’; )\0)‘ <C (‘Df,u(m’)

€T+ p@)lg+ 1)

it follows from an application of Lemma 5.3 and inequalities (5.9) and (5.10)
that

D2t € 20)| < € [(Via!) €14 1) + (uale' | +1)]
< C[I€12 (ug |+ DY + (u@)le + 1)
< Ol &)l (161721, €500 7% + 1)
< Clifa’, €5 20) (1 + 1€

This inequality proves the desired condition (5.6a) for |5] = 1 and |a| = 0.
Step III-5: Similarly, we can verify condition (5.6a) for the general case:
la| +|8] =k, k € N.
Now the proof of Lemma 5.1 and hence that of Theorem 1.1 is complete.
O






6

A Priori Estimates

This Chapter 6 and the next Chapter 7 are devoted to the proof of
Theorem 1.2. In this chapter we study the operator A,, and prove a pri-
ori estimates for the operator A, — Al (Theorem 6.3) which will play a
fundamental role in the next chapter. In the proof we make good use of
Agmon’s method (Proposition 6.4). This is a technique of treating a spec-
tral parameter A as a second-order, elliptic differential operator of an extra
variable and relating the old problem to a new problem with the additional
variable.

Recall that the operator A, is a unbounded linear operator from L?(D)
into itself defined by the following formulas:

(a) The domain of definition D(A,) of A4, is the space
D(A4,) = {u € H*?(D) = W*P(D) : Lu = u(x/)gz () = o} .

(b) Apu = Au, u € D(4,).

We remark that the operator A, is densely defined, since the domain D(A4,)
contains the space C5°(D).
First, we have the following:

Lemma 6.1. Assume that conditions (A) and (B) are satisfied:

(A) p(x') >0 on ID.
(B)v(2') <0 on M = {2’ € ID : p(x’) = 0}.

Then we have the a priori estimate
[ullz.p < C ([ Aully + llullp),  w € D(Ap). (6.1)
Proof. The a priori estimate (6.1) follows immediately from estimate (1.2) of

Theorem 1.1 with ¢ :=0. O

K. Taira, Boundary Value Problems and Markov Processes, 95
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Corollary 6.2. The operator A, is a closed operator.
Proof. Let {u;} be an arbitrary sequence in the domain D(A,) such that:

uj —u in LP(D),
Auj — v in LP(D).

Then, by applying estimate (6.1) to the sequence {u;} we find that {u;} is a
Cauchy sequence in the space W2P(D). This proves that

u € W*P(D),
and that
uj — u in W2P(D).
Hence we have the formula

Au= lim Au; =v in LP(D),

j—o0
and also, by Proposition 4.7 with B := L,

Lu = lim Lu; =0 in B'=YPP(9D).

j—oo
Summing up, we have proved that u € D(A,) and Ayu = v.
The proof of Corollary 6.2 is complete. O

The next theorem is an essential step in the proof of Theorem 1.2 (cf. the
proof of Theorem 7.1 in Chapter 7):

Theorem 6.3. Assume that conditions (A) and (B) are satisfied. Then, for
every —m < 0 < 7, there exists a positive constant R(0) depending on 0 such
that if X = r2e' and |\| = r? > R(0), we have, for all u € W?P(D) satisfying
Lu=0 on dD (i. e., u € D(4,)),

[ulap + N2 - Julrp + AL Jull, < C0) (A = Null,, (6.2)
with a positive constant C(0) depending on 0. Here |- |j,, j = 1, 2, is the
seminorm on the space WP (D) defined by the formula

1/p

i = | [ 3 1Dl

D .
la|=3

Proof. The proof of Theorem 6.3 is divided into two steps.

Step I: We shall make use of a method essentially due to Agmon (cf. [Ag],
[Fu), [LM], [Tal]).

We introduce an auxiliary variable y of the unit circle

S =R/27Z,
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and replace the complex parameter A by the second-order differential operator

02
76268 gy —T<O <
Y

Namely, we replace the operator A — A\ by the operator

AB) = A+ e 0

92 —rT <0<,
and consider instead of the problem with spectral parameter
(A=Nu=f in D,
7\ du ’ (1.1)
Lu = p(2") 50 +~v(z")u =0 on 9D

the following boundary value problem:
AO)ii = (A+ei9 88;2)17: 7 inDxS8,
Lu=p(2) 5 +~y(z)a=0 on 0D x S.
We remark that the operator A(6) is elliptic for —m < 6 < .
Then we have the following result, analogous to Lemma 6.1:

Proposition 6.4. Assume that conditions (A) and (B) are satisfied. Then we
have, for all w € W2P(D x S) satisfying Ltu =0 on dD x S,

Jill>.p < C(6) (HM)&HP + |a||p) : (6.4)

with a positive constant 5(0) depending on 0.

Proof. We reduce the study of problem (6.3) to that of a pseudo-differential
operator on the boundary, just as in problem (1.1).
We can prove that Theorems 4.3 and 4.4 remain valid for the operator

AO) = A+ €992 /0y2, —1 < 0 < m:
(@) The Dirichlet problem

A@)@ =0 inDxS,
w=g on 0D x S

has a unique solution w € H“P(D x S) for any function ¢ € B*~1/PP(9D x

S) with t € R.
(b) The Poisson operator

P(0) : B=YPP(OD x S) — H"P(D x §),

defined by w = ]5(0)@, is an isomorphism of the space B!~/PP(9D x
S) onto the null space N(A(0),t,p) = {& € H*(D x S) : A(f)u =
0in D x S} for all t € R; and its inverse is the trace operator on the
boundary 0D x S.



98 6 A Priori Estimates
We let
T(0): C®(0D x S) — C>®(0D x S)
& +— LP(0)3.

Then the operator f(ﬁ) can be decomposed as follows:

T(6) = p(a)IL(6) +7(2"), (6.5)

where 5
1(0)§ = P0)@ . $eC>®@ODxS).
on ( ) oD% S

It is known that the operator ﬁ(&) is a classical pseudo-differential operator
of first order on the boundary dD x S and that its complete symbol is given
by the following formula (cf. [Ta2, Section 10.2]):

(171(33/75/7%77; 9) + \/_1 q~1(33/>f/7y777§ 9))
+ (ﬁO(x/7€/7y777; 9) + \/_1 50(55/75/72/777; 9)) + terms of order S _17

where

51 (I/7 6/7 Y, 0) <0
on the bundle T*(9D x S) \ {0} of non-zero cotangent vectors,
for —m < 0 < 7. (6.6)

For example, if A is the usual Laplacian

0? 0? 0?
A= e
0z? + x3 et 0%’

then we have the formula

(e’ €& y,m;0)
1/2 1/2
[(If’\Q +cosB-7%)” + sin? 6 - 774} + (|¢']* 4 cos b - n?)
2

Therefore, we obtain that the operator T(0) = u(z/)IL() 4+ v(z') is a
classical pseudo-differential operator of first order on the boundary 0D x S
and that its complete symbol is given by the following formula:

ILL(:'E/) (ﬁl(xl7£l7yan; 0) + \/71 E]vl (I/7£/7ya77; 9))
+ ([’Y(I/) + H(I/)ﬁo(x/a gla Y, 15 6)} + \/71 ,[L(I/)E]vo(I/, 6/7 Y, m; 9))
+ terms of order < —1. (6.7)
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Then, by virtue of assertions (6.7) and (6.6) we can verify that the operator
T(6) satisfies conditions (3.7a) and (3.7b) of Theorem 3.16 with 1 := 0, p := 1
and 0 := 1/2, just as in the proof of Lemma 5.2. Hence we obtain the following
result, analogous to Lemma 5.1:

Lemma 6.5. Assume that conditions (A) and (B) are satisfied. Then we have,
forall s e R,

$eD(OD x S), T(0)g € BP(dD x §) = & € B*P(dD x S).

Furthermore, for any t < s, there exists a positive constant 5'3775 such that

Blep < Coi (ITO)Flsp + 1Plep) - (6.8)

The desired estimate (6.4) follows from estimate (6.8) with s :=2—1/p
and t := —1/p, just as in the proof of Theorem 4.10.

The proof of Proposition 6.4 is complete. O

Step II: Now let u(x) be an arbitrary function in the domain D(A4,):

u € W*P(D) and Lu = 0 on dD.
We choose a function ((y) in C°°(S) such that

0<((y) <1 ons,

supp¢ C [3,°%7],

((y)=1 for [ <y<?r,

and let _
Uy (2,y) = u(z) @ ((y)e™, zeD,yeS, n=>0.

Then we have the assertions
v, € WHP(D x S),
o 0 0%\
AG)v, = (A +e' 8y2) Uy
= (A=Y u @ ((y)e™ + 2(in)e’u @ (' (y)e™ + eu® (" (y)e™,

and also '
Lo, (2’ y) = Lu(z") @ {(y)e"™ =0 on dD x S.

Thus, by applying inequality (6.4) to the functions
U@, y) = u(z) @ ((y)e™, z€D, yesS, n=0,

we obtain that

o cel, < ) ([a@e cem

+ ||u®(ei’7y||p> . (6.9)
P
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We can estimate each term of inequality (6.9) as follows:

4 1/p
Hu®<empr=(/ u(x)%(ywdxdy) = ¢l - lully- (6.10)
DxS
|AO) e cem)| < |A-reue ],

+21 Hu ® C/einpr + ||u® C//einpr

< 1Cly - [I(A - e yul,
+ @0l lp + 1< 1p) Nlullp- (6.11)
Hu@CBMyHS,p _ Z / ’Dgy(u(x) ®C(y)einy)’1’da;dy
lal<2 DxS
37/2 )
> Z // ’Dg’y(u(x)(@emy)’pdxdy
la]<2 D Jr/2
37/2
= Z // ’nkD'gu(x)‘pdxdy
kt|B]<2? D Im/2
ZW(Z/’Dﬂu(I)|de+n” Z/’D’Bu(xﬂpdx
18|=2"D 18=1"P
s [ utoyras)
D
=7 (July, + nPluly , + 0 [ullb) - (6.12)

Therefore, by carrying these three inequalities (6.10), (6.11) and (6.12) into
inequality (6.9) we obtain that, with a positive constant C’(6) independent
of n,

[ulop + 1l + P ully < C(60) (|I(A = PeYull, + nlully)

If 1 is so large that _
n = 2C°(0),

then we can eliminate the last term on the right-hand side to obtain that

lu 2p +nlulip + 772Hqu < 26/(0) H(A - 772€i6)qu .

This proves the desired inequality (6.2) if we take
A= ,',1267;07
R(0) := 4C"(0)?,
C(6) :=2C"(0).

The proof of Theorem 6.3 is now complete. O



7
Proof of Theorem 1.2

In this chapter we prove Theorem 1.2 (Theorems 7.1 and 7.9). Once again we
make use of Agmon’s method in the proof of Theorems 7.1 and 7.9. In partic-
ular, Agmon’s method plays an important role in the proof of the surjectivity
of the operator A, — AI (Proposition 7.2).

7.1 Proof of Theorem 1.2, Part (i)

First, we prove part (i) of Theorem 1.2:
Theorem 7.1. Assume that conditions (A) and (B) are satisfied:

(A) p(x') >0 on ID.
(B)v(z') <0 on M ={a’ € ID : p(a’) = 0}.

Then, for every 0 < ¢ < m/2, there exists a positive constant r,(e) such
that the resolvent set of A, contains the set

So(e)={A=r%? 1 >r,(e), T4+ <O <m—e}

and that the resolvent (A, — NI )™! satisfies the estimate

(4, — A0 < CpiT) for all X € ,(e), (1.4)

where ¢, (€) is a positive constant depending on €.

Proof. The proof of Theorem 7.1 is divided into three steps.
Step I: By estimate (6.2), it follows that if A\ = 7%, —7 < 0§ < 7 and if
|A| =72 > R(0), then we have, for all u € D(4,),

[ula,p + A2 - fulyp + AL llully < CO)I(Ap = M)ull,.

However, we find from the proof of Theorem 6.3 that the constants R(6)
and C(0) depend continuously on § € (—m, ), so that they may be chosen

K. Taira, Boundary Value Problems and Markov Processes, 101
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 7,
(© Springer-Verlag Berlin Heidelberg 2009



102 7 Proof of Theorem 1.2

uniformly in 6 € [—7 4+ &, 7 — €], for every € > 0. This proves the existence
of the constants r,(g) and c,(¢), that is, we have, for all A = r2¢? satisfying
r>rp(e) and —m+e <0 <m—¢,

[ulap + A2 - Julip + AL Jlully < ep(e)lI(Ap — ADully. (7.1)

By estimate (7.1), it follows that the operator A, — AI is injective and its
range R(A, — AI) is closed in LP(D), for all A € £,(¢).
Step II: We show that the operator A, — A is surjective for all A € £, (¢),
that is,
R(A, — A\I) = LP(D) forall A € T,(¢). (7.2)
To do this, it suffices to show that the operator A, —AI is a Fredholm operator
with
ind(A, —A[) =0 forall A € ¥,(e), (7.3)
since A, — Al is injective for all A € X (¢).
Here we recall that a densely defined, closed linear operator T with domain
D(T) from a Banach space X into itself is called a Fredholm operator if it
satisfies the following three conditions:

(i) The null space N(T') = {z € D(T) : Tx = 0} of T has finite dimension,
that is, dim N(T) < oo.
(ii) The range R(T) = {Tx: 2 € D(T)} of T is closed in X.
(iii) The range R(T) has finite codimension in X, that is, codimR(T) =
dim X/R(T) < co.
In this case the index ind T of T is defined by the formula
ind7T = dim N(T) — codim R(T).

Step II-1: We reduce the study of the operator A, — A\ (A € X,(¢)) to
that of a pseudo-differential operator on the boundary, just as in the proof of
Theorem 1.1.

Let T(X) be a classical pseudo-differential operator of first order on the
boundary 0D defined as follows:

T(A) = LP(\) = p(2")II(A) +~(2'), A€ Xy(e), (7.4)
where

II(\) : C*°(0D) — C*°(0D)
0
P(A .
P o (P9
Since the operator T'(\) : C*°(0D) — C*°(9D) extends to a continuous linear
operator T'(\) : BY?(0D) — B'=1P(9D) for all t € R, we can introduce a
densely defined, closed linear operator

T,(\) : B>~ YPP(9D) — B>~1/PP(9D)

as follows.
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(o) The domain D (7,())) of T,()) is the space
D(T,(\) = {(p e B YPP(9D) : T(\)p € 32—1/1’4’(01))} .

(B) T(Np =T\, ¢ € D(Tp(V).
Then we can obtain the following three results (cf. [Ta2, Section 8.3]):

(I) The null space N'(A, —AI) of A, — I has finite dimension if and only if
the null space N (7,())) of 7,(\) has finite dimension, and we have the
formula

dimN'(4, — M) = dim N (Z,(N)) .

(II) The range R(A, — AI) of A, — AI is closed if and only if the range
R (T,(N)) of T,(N) is closed; and R(A, — M) has finite codimension if
and only if R (7,())) has finite codimension, and we have the formula

codimR (A, — AI) = codim R (7,,(N)) .

(IIT) The operator A, — Al is a Fredholm operator if and only if the operator
7,(A) is a Fredholm operator, and we have the formula

ind (A, — AXI) = ind 7,(\).
Therefore, the desired assertion (7.3) is reduced to the following assertion:
ind7,(A\) =0 forall A € X,(¢). (7.5)

Step II-2: To prove assertion (7.5), we shall make use of Agmon’s method
just as in Chapter 6.

Let T'(6) be the classical pseudo-differential operator of first order on the
boundary 0D x S introduced in Chapter 6 (see formula (6.5)):

T(0) = LP(0) = pu(z")IL(0) +~v(a'), —7 <0<,
where
II(A) : C®(AD x S) — C=(D x S)

P 86n (P(Q)('b)

ODxS

We define a densely defined, closed linear operator
7,(0) : B¥YPP(OD x §) — B> Y/PP(OD x S)

as follows.
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(&) The domain D (7;(9)) of T,(0) is the space
D(7,(0)) = {# € B> /770D x S): T(0)3 € B> /179D x 5)}

(B) T(0)p =T(0)3, 9 € D (T,(6))

Then the most fundamental relationship between the operators 7,(6) and
7,(N) is stated as follows:

Proposition 7.2. Ifind 'jv'p(Q) 1s finite, then there exists a finite subset K of Z
such that the operator T,(\') is bijective for all \' = (2" satisfying ¢ € Z\ K .

Granting Proposition 7.2 for the moment, we shall prove Theorem 7.1.

Step III: End of Proof of Theorem 7.1

Step ITI-1: We show that if conditions (A) and (B) are satisfied, then we
have the assertion

ind 7Z,,(0) = dim N (7, (0)) — codim R(7,(6)) < co. (7.6)

To this end, we need a useful criterion for Fredholm operators (cf. [Ta2,
Theorem 3.7.6]):

Lemma 7.3 (Peetre). Let X, Y, Z be Banach spaces such that X C Z is
a compact injection, and let T be a closed linear operator with D(T) from X
into Y with domain D(T). Then the following two conditions are equivalent:

(i) The null space N(T) of T has finite dimension and the range R(T) of T
is closed in'Y.
(i1) There is a positive constant C' such that

lellx <C([Tzlly + ||zl z)  for all z € D(T). (7.7)

Proof. (i) = (ii): Since the null space N(T) has finite dimension, we can
find a closed topological complement X in X:

X = N(T) & X,. (7.8)

This gives that
D(T) = N(T) @ (D(T) N Xo) -

Namely, every element = of D(T') can be written in the form
r=x0+x1, z0€DT)NXo, 21 €N(T).

Moreover, since the range R(T) is closed in Y, it follows from an application
of the closed graph theorem [Yo, Chapter II, Section 6, Theorem 1] that there
exists a positive constant C' such that

|zollx < ClTxolly = || Ty (7.9)
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Here and in the following the letter C' denotes a generic positive constant
independent of z.

On the other hand, it should be noticed that all norms on a finite dimen-
sional linear space are equivalent. This gives that

z1]lx < Clla1] 2. (7.10)

Moreover, since the injection X — Z is compact and hence is continuous, we
obtain that
z1]lz < llzllz + llzollz < l|#]lz + Cllzol x- (7.11)

Thus we have, by inequalities (7.10) and (7.11),
lz1llx < C([lz]lz + [[zoll x)- (7.12)

Therefore, by combining inequalities (7.9) and (7.12) we obtain the desired
inequality

lzllx < llzollx + llzillx < C([Tzly +[lz]z) for allw € D(T),  (7.7)

since Txg = Tx.
(ii) = (i): By inequality (7.7), it follows that

lz[|x < Cllz||z for all z € N(T). (7.13)

However, the null space N (T') is closed in X, and so it is a Banach space.
Since the injection X — Z is compact, we obtain from inequality (7.13) that
the closed unit ball {z € N(T) : ||z||x < 1} of the Banach space N (T) is
compact. Hence it follows from an application of [Yo, Chapter III, Section 2,
Corollary 2] that

dim N(T) < oo.

Let Xy be a closed topological complement of N'(T') as in decomposition (7.8).
To prove the closedness of R(T), it suffices to show that

lz||x < C|Tz|y forall z € D(T) N Xp.

Assume, to the contrary, that:
For every n € N, there is an element x,, of D(T) N Xy such that

2nllx > nl|Tznlly.
If we let
’ Tn

x =
" el

then we have the assertions
z, e D(T)N Xo, |ohllx =1, (7.14a)
1
T |ly < . (7.14b)
n
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Since the injection X — Z is compact, by passing to a subsequence we may
assume that the sequence {z/,} is a Cauchy sequence in Z. Then, by combining
inequalities (7.14b) and (7.7) we find that the sequence {z]} is a Cauchy
sequence in X, and hence it converges to some element z’ of Xy C X. Thus,
by assertions (7.14a) and (7.14b) it follows that

/][ x = lim [[2f, || x =1,
and further that
2 eD(T), Tz =0,

since the operator T is closed.
Summing up, we have proved that

e N(T),
l=flx = 1.
However, this is a contradiction. Indeed, we then have the assertion
2 e N(T)n Xy = {0}.
The proof of Lemma 7.3 is complete. O
By using estimate (6.8) with s := 2 — 1/p, we obtain that

w). PEDO).  (7.15)

where t < 2 — 1/p. However, it follows from an application of the Rellich—
Kondrachov theorem that the injection B>~Y/P?(dD x S) — BYP(dD x S) is
compact for t < 2 —1/p. Thus, by applying Peetre’s lemma (Lemma 7.3) with

X =Y :=B¥YPP(HD x 9),

Z = B"P(0D x 9),

T :=7,(0),

1-1/pp < Ce (ITO)3a-1/p + 16

we obtain that the range R (i;(e)) is closed in B2~Y/PP(9D x S) and that

dim N (i;,(e)) < . (7.16)

On the other hand, by formula (6.7) we find that the complete symbol of
the adjoint T'(0)* is given by the following formula (cf. Theorem 3.11):

N(I/) (]51(1,/76/7y’,,7;9) - \/71 61(17/76/7?%77;0))

+ ( [V(ﬂﬂ') + (@ )po (2’ &' y,m; 0) — i O, (') - O, qu (2, €y m; 9))}

n—1

—V-1 [u(w')%(w'é’,y,n;@) + )0, () '351251(:13’76’711,77;9))])
j=1

+ terms of order < —1.
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However, it follows from an application of Lemma 5.3 that
g, p(z") =0on M = {2’/ € OD : p(a’) = 0}.

Thus we can easily verify that the pseudo-differential operator T(Q)* satisfies
conditions (3.7a) and (3.7b) of Theorem 3.16 with p:= 0, p := 1 and 6 := 1/2.
This implies that estimate (7.15) holds true for the adjoint operator 7,(0)* of
7,(0):

|1Z)|—2+1/p,p’ S 6‘1‘ (|T(9)*QZJ|—2+1/p,p’ + |1Z)|T,p’> ) QZJ €D (7;(9)*) )

where 7 < =24 1/p and p’ = p/(p — 1) is the exponent conjugate to p. Hence
we have, by the closed range theorem ([Yo, Chapter VII, Section 5, Theorem)])
and Peetre’s lemma (Lemma 7.3),

codim R (i;,(e)) = dim N (ip(e)*) < 0, (7.17)

since the injection B=2t1/72 (9D x §) — B (9D x §) is compact for 7 <
—-2+1/p.

Therefore, the desired assertion (7.6) follows by combining assertions
(7.16) and (7.17).

Step III-2: By assertion (7.6), we can apply Proposition 7.2 to obtain
that the operator 7,(¢2e?) : B2~1/PP(9D) — B2*~Y/PP(9D) is bijective if
¢ e Z\ K for some finite subset K of Z. In particular, we have the assertion

ind7,(A\o) =0 for all \g = (2% with { € Z \ K. (7.18)

However, in view of formulas (7.4) and (5.3) it follows that, for any given A,
Ao € E,(e), we can find a classical pseudo-differential operator K (A, Ag) of
order —1 on the boundary dD such that

T(A) =T (No) + K (X o).

Furthermore, it follows from an application of the Rellich-Kondrachov theo-
rem that the operator

K(\ \o) : B> YPP(9D) — B2~Y/PP(9D)
is compact. Hence we have the assertion
ind7,(\) =ind7,(A\g) for all A\, A\g € E,(e). (7.19)

Therefore, the desired assertion (7.5) (and hence assertion (7.3)) follows
by combining assertions (7.18) and (7.19).

Step III-3: Summing up, we have proved that the operator A, — AI is
bijective for all A € ¥, () and that its inverse (A, — AI)~! satisfies estimate
(1.4).

Theorem 7.1 is proved, apart from the proof of Proposition 7.2. The proof
of Proposition 7.2 will be given in the next subsection, due to its length.



108 7 Proof of Theorem 1.2
7.1.1 Proof of Proposition 7.2

The proof of Proposition 7.2 is divided into three steps.
Step 1: First, we study the null spaces N (’]3,(9)) and N (7,()\')) when
N = (%" with ¢ € Z:
N (T(0)) = {5 € B2 /r2(0D x 8) - T(0)p = 0},
N(T,(\)) = {p € BE1/72(0D) : T(X)p = 0

——

Since the pseudo-differential operators T'(6) and T'(N') are both hypoelliptic,
it follows that

N (T,0)) = {p e c=0D x 8): T(O)p =0},

N(T,(N)) ={p € C=(0D) : T(N)p = 0}.
Therefore, we can apply [Ta2, Proposition 8.4.6] to obtain the following most
important relationship between the null spaces N (i'p(Q)) and N (7,(\))
when \ = (2¢¥ with ¢ € Z:
Lemma 7.4. The following two conditions are equivalent:

(1) dim N (f;(Q)) < 0.

(2) There exists a finite subset I of Z such that

dim N (7,(f%e)) < oo ifl €,
{dlm./\/( T,(2e) =0 if L &1

Moreover, in this case we have the formulas

( ) @N T, (e 20 ®6i€y7

lel

d1rnN< ) Zdlm/\/ 7, (e 19))

lel

Step 2: Secondly, we study the ranges R <’Z~;(0)> and R (7,(\')) when

N = 2" with ¢ € Z. To do this, we consider the adjoint operators ’f;(@)*
and 7,(\)* of ’]3,(9) and 7,(\'), respectively.

The next lemma allows us to give a characterization of the adjoint oper-
ators 7,(0)* and 7,(\)* in terms of pseudo-differential operators (cf. [Ta2,
Lemma 8.4.8)):

Lemma 7.5. Let M be a compact smooth manifold without boundary. If T is
a classical pseudo-differential operator of order m on M, we define a densely
defined, closed linear operator
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T :B*?(M) — B*"™T1?(M) (s €R)
as follows.
(a) The domain D(T) of T is the space
D(T)={p € B*?"(M): Ty e B ™'P(M)}.
(b)) To=Typ, o€ DT).
Then the adjoint operator T* of T is characterized as follows:
(¢) The domain D(T*) of T* is contained in the space

{we B (1) Tg € B0 (an)),
where p' =p/(p—1) and T* € LT} (M) is the adjoint of T
() T =T"p, ¢ € D(T").

Proof. Let 1 be an arbitrary element of D(7*) ¢ B~*t"=L¢ (M), and let
{1;} be a sequence in C(M) such that 1; — ¢ in B~5+™~1?"(M). Then
we have, for all ¢ € C>*(M) C D(T),
(T, 0) = (0, Tp)

= (1, Tp)

= lim (15, T)
Jim (T, ¢)
= (T", ).

This proves that )
T =T"p € B~>P (M).

The proof of Lemma 7.5 is complete. O

We remark that the pseudo-differential operators T(A\)* and T/(6)* also
satisfy conditions (3.7a) and (3.7b) of Theorem 3.16 with p:= 0, p := 1 and
0 :=1/2; hence they are hypoelliptic.

Therefore, by applying Lemma 7.5 to the operators T(6) and T(N) we
obtain the following:

Lemma 7.6. The null spaces N (f;(&)*) and N (T,(N')*) are characterized
respectively as follows:

N (i;,(e)*) - {i € C®(AD x 8) : T(0)*4 = o}.

N (T,X)") = { € C=(0D) : T(X)"v = 0}
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By using Lemma 7.6, we find that Lemma 7.4 remains valid for the adjoint
operators 7,(0)* and 7,(\)* (cf. [Ta2, Lemma 8.4.10]):

Lemma 7.7. The following two conditions are equivalent:

(1) dim N (f;(e)*) < o0
(2) There exists a finite subset J of Z such that

dim N (Z,(£%e)*) < oo ifl € J,
dim N (Z,(%e®)*) =0 if L & J.

Moreover, in this case we have the formula

dim N dim N (7, (e 0y ).
(B0r)=%

Led
Hence, by combining Lemma 7.7 and the closed range theorem ([Yo,
Chapter VII, Section 5, Theorem|) we obtain the most important relation-
ship between codim R (’ZN;(G)) and codimR (7,(\)) when X = (2% (€ Z
(cf. [Ta2, Proposition 8.4.11]):

Lemma 7.8. The following two conditions are equivalent:

(1) codimR (?},(9)) < 0.
(2) There exists a finite subset J of Z such that

codimR (7,(%e")) < 0o if L € J,
codim N (7,(2¢?)) =0 if ¢ & J.

Moreover, in this case we have the formula

codim R codlmR €2 W0
(Z0) =X ")
LeJ

Step 3: Proposition 7.2 is an immediate consequence of Lemmas 7.4 and
7.8, with K :=1TUJ.

The proof of Proposition 7.2 is now complete. O

Summing up, we have proved Theorem 7.1 and hence part (i) of
Theorem 1.2. O

7.2 Proof of Theorem 1.2, Part (ii)

Part (ii) of Theorem 1.2 may be proved as follows. Theorem 7.1 asserts that,
for sufficiently large p. > 0, the operator A, — p.I satisfies condition (2.1)
(see Figure 7.1). Thus, by applying Theorem 2.2 (and Remark 2.1) to the
operator A, — p.1 we obtain part (ii) of Theorem 1.2:
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Fig. 7.1.

Theorem 7.9. Assume that conditions (A) and (B) are satisfied. Then the
operator A, generates a semigroup U, on LP(D) which is analytic in the sector

A.={z=t+is:z2#0, |argz| <7/2 —¢€}

for any 0 < e < m/2, and enjoys the following three properties:

(a) The operators AU, and ddliz are bounded operators on LP(D) for each
z € A., and satisfy the relation

dU,
P AU, for all z € A..

(b) For each 0 < e < /2, there exist positive constants ]\70(5), Ml(s) and fie
such that

V.| < Mo(e)er=Te for all z € A,

Ml(E)

[ 4pU= | <
’ 2|

et Rez forall 2 € A,

(¢) For each ug € LP(D), we have, as z — 0,z € A,
Usup — uo in LP(D).

The proof of Theorem 1.2 is now complete. O






8
Proof of Theorem 1.3, Part (i)

This Chapter 8 and the next Chapter 9 are devoted to the proof of Theorem 1.3
and Theorem 1.4. In this chapter we prove part (i) of Theorem 1.3. In the
proof we make use of Sobolev’s imbedding theorems (Theorems 8.1 and 8.2)
and a A-dependent localization argument due to Masuda [Ma] (cf. Lemma 8.4)
in order to adjust estimate

H(Ap - )\])_lH < CTS) for all A € 2, (c) (1.4)

to obtain the desired estimate

(2 — AD7Y < i(;) for all A € X(e). (1.6)

Here we recall that

D(A,) = {u € H*?(D) = W*P(D) : Lu = ,u(x’)gz + (@ )u = O} . (1.3)

D) ={ueCo(D\M): Auec Co(D\ M), Lu=0}. (1.5)

8.1 The Space Cy(D \ M)

First, we consider a one-point compactification Ky = K U {9} of the space
K=D\M.

We say that two points « and y of D are equivalent modulo M if x =y or
x, y € M; we then write x ~ y. It is easy to verify that this relation ~ enjoys
the so-called equivalence laws. We denote by D /M the totality of equivalence
classes modulo M. On the set D/M we define the quotient topology induced
by the projection

K. Taira, Boundary Value Problems and Markov Processes, 113
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 8,
(© Springer-Verlag Berlin Heidelberg 2009
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q: D — D/M.

Namely, a subset O of D/M is defined to be open if and only if the inverse
image ¢~1(O) of O is open in D. It is easy to see that the topological space
D/M is a one-point compactification of the space D \ M and that the point
at infinity O corresponds to the set M (see Figure 8.1):

Ky :=D/M,
0:= M.

0D

M g

Fig. 8.1.

Furthermore, we obtain the following two assertions:

(i) If @ is a continuous function defined on Ky, then the function @ o ¢ is
continuous on D and constant on M.

(ii) Conversely, if u is a continuous function defined on D and constant on M,
then it defines a continuous function @ on Kjy.

In other words, we have the following isomorphism:
C(Kp) = {u € C(D) : u(x) is constant on M} . (8.1)
Now we introduce a closed subspace of C(Kp) as in Subsection 2.2.1:
Co(K) ={u e C(Kp) : u(0) =0}.
Then we have, by assertion (8.1),
Co(K) =2 Co(D\M)={ueC(D):u(x)=0on M}. (8.2)

8.2 Sobolev’s Imbedding Theorems

It is the imbedding characteristics of Sobolev spaces of LP type that render
these spaces so useful in the study of partial differential equations. We need
the following imbedding properties of Sobolev spaces:
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Theorem 8.1 (Sobolev). Let D be a bounded domain in the Euclidean space
RN with boundary 0D of class C%. Then we have the following two assertions:

(i) If 1 <p < N, we have the continuous injection
2,p l,q 11 1 1
W=P(D) c WHI(D)  for |, — 5 <, <,
(ii) If N/2 < p < 00, p # N, we have the continuous injection
W*P(D) C C*"(D) for 0<v<2-".
Theorem 8.2 (Gagliardo—Nirenberg). Let D be a bounded domain in RY

with boundary of class C2%, and 1 < p,r < co. Then we have the following
assertions:

(i) If p # N and if

1 1 1 2 1
= o — 1-6 l<o<1
J N+ <p N>+( )T for 5 <6<1,

then we have, for all w € W*P(D) N L"(D),
lullq < Cullull3 pllullz?,

with a positive constant Cy = C1(D, p,r,6).
(i) If N/2 < p < 0o, p # N and if

ogy<9<2N>(19)N,
P T

then we have, for allu € W*P(D) N L"(D),
lull oy < Collullgpllulls =, (8.3)
with a positive constant Co = Co(D,p,r,0).

For a proof of Theorem 8.1, see Adams—Fournier [AF, Theorem 5.4] and
for a proof of Theorem 8.2, see Friedman [Fr1, Part I, Theorem 10.1], and also
Taira [Tad].

8.3 Proof of Part (i) of Theorem 1.3

The proof is carried out in a chain of auxiliary lemmas.
Step (I): We begin with a version of estimate (7.1):

Lemma 8.3. Let N < p < co. Assume that the following conditions (A) and
(B) are satisfied:
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(A) p(z') >0 on OD.
(B)v(2') <0 on M = {2’ € ID : p(x’) = 0}.

Then, for every € > 0, there exists a positive constant rp(g) such that if
A =12 with r > r,(e) and —7 +¢ < 0 < 7 —¢, we have, for all u € D(A,),

A2l gy + AL Ttlopy < Co@INY/2PIIA = Null,, (8.4)

with a positive constant Cp(c). Here
0
D(A,) = {u € H*?(D) = W*P(D) : Lu = u(m’)az + (@ )u = O} .

Proof. First, by applying Theorem 8.2 with p:=r > N, 0 := N/pand v:=0
we obtain from the Gagliardo—Nirenberg inequality (8.3) that

N _
lulpy < Cluly P llully=/7. (8.5)

Here and in the following the letter C' denotes a generic positive constant
depending on p and e, but independent of u and .
Combining inequality (7.1) with inequality (8.5), we find that

_ Nip . o 1-N/
[uloy < C (A2 = Nallp) (A1 = Aullp)'

= N7 (A = Null,
so that
Al [ulopy < CIANY?P(A = Aull, for all u € D(A4,). (8.6)

Similarly, by applying inequality (8.5) to the functions D;u € W1P(D),
1 <i < n, we obtain that

N _
|Ditl oy < ClDsulY )7 || Dy s~/

N 1-N
< Cluly/Pluli N

_ 1-N/p
< C (A= Nullp)™ (IN211A = Aully)
= A2V (A = Nl
This proves that

X2 ulen ) < CIAN/I|(A= Nul, for all we D(4,). (8.7

Therefore, the desired inequality (8.4) follows by combining inequalities
(8.6) and (8.7). O
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The next lemma proves estimate (1.6):

Lemma 8.4. Assume that conditions (A) and (B) are satisfied. Then, for
every € > 0, there exists a positive constant r(g) such that if X = r2e*® with
r>r(e) and —m 4+ <0 <mw—e, we have, for all u € D),

A2 ulgr py + AL - [l < ()4 = Nulopy, (5.5)
with a positive constant c(g). Here
D(A) = {u e Co(D\ M) : Au € Co(D\ M), Lu=0}.

Proof. We shall make use of a A-dependent localization argument due to
Masuda [Ma] in order to adjust the term [[(A — A)ul|, in inequality (8.4)
to obtain inequality (8.8).

First, we remark that

AC A, forall 1<p<oo.
Indeed, since we have, for any u € D(21),
uwe C(D) C LP(D), Aue C(D) C LP(D) and Lu=0,
it follows from an application of Theorem 4.9 and Lemma 5.1 that
u € W2P(D).

(1) Let zo be an arbitrary point of the closure D = DU JD.

If zf is a boundary point and if x is a smooth coordinate transformation
such that x maps B(zo,n) N D into B(0,5) NRY and flattens a part of the
boundary 9D into the plane xny = 0 (see Figure 8.2), then we let

CTVO = B($C67770) ﬂD>

G/ = B(SL’&,’I’])HD, 0< n <7707

G" = B(z(,n/2)ND, 0<n < no.
Here B(x,n) denotes the open ball of radius 7 about x.

Similarly, if z( is an interior point and if x is a smooth coordinate trans-
formation such that x maps B(z, 10) into B(0,d), then we let (see Figure 8.3)

GO = B(ann0)7
G/ = B(SL’O,??), 0< n < Mo,
GN = B(mo,n/2), 0< n <o
(2) Now we take a function () in C§°(R) such that 6(¢) equals one near

the origin, and define

p@) = 0(l" ") b(an), == (2, 2n).
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Ty
oD
B(IOano)
X \J 2'=(xy, ..., 0 N_q)
Fig. 8.2.
Go = B(zo,m0)
oD
D
G/
Fig. 8.3.

Here we may assume that the function ¢(x) is chosen so that

{Suppgo C B(0,1),
¢(xz) =1on B(0,1/2).

We introduce a localizing function

T — ' — xh|? TN —t
wo(w,n)zw( 770):9(' 2°|>9<N ) xo = (2),t) € D.

n n

We remark that

supp o C B(xzg, 1),
¢o(w,n) =1 on B(xo,1/2).

Then we have the following:

Claim 8.5. If u € D(), then it follows that @o(x,n)u € D(A,) for all 1 <
p < oo.
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Proof. (i) First, we recall that
u € W?P(D) forall 1<p< oo.
Hence we have the assertion
wo(x,n)u € W*P(D).

(ii) Secondly, it is easy to verify (see Figure 8.4) that the function ¢ (z, n)u,
x € D, satisfies the boundary condition

L(eo(z,m)u) =0 on dD.

oD
D B(I07 T])

B(xo,n)

Fig. 8.4.

Indeed, this is obvious if we have the condition
supp (o (z, n)u) C B(zo,n), 0 € D.
Moreover, if we have the condition
supp (o(z,m)u) C B(zo,n) N D, xo € ID,

then it follows that

_1/ . ‘CC/—.'L‘/‘Q -
()| = 00) e( o )—o,

Oz N en=0 7

since 0'(0) = 0. This proves that

0
on (¢o(w,m)) =0 on dD.
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Therefore, we have the assertion
0
Ligo(x,mu) = p(a') o - (wo(z,mu) + (2" )po(z, m)u

— eolen)(La) + ) (51 (onlon) ) u
=0 ondD,

since Lu = 0 on 9D.
Summing up, we have proved that

wo(z,m)u € D(A4,) forall 1 <p< oco.
The proof of Claim 8.5 is complete. 0O
(3) Now we take a positive number p such that
N <p<o0.

Then, by Claim 8.5 we can apply inequality (8.4) to the function ¢g(z,n)u,
u € D(A), to obtain that

|)‘|1/2|U‘CI(G”) + Al fulgm

< \)\|1/2 \%00($777)U|cl(c:/) + 1A+ |%00(33>77)U\c(c:/)

= WI/Q \%00(55777)U|CI(D) + (Al |%00(33>77)U‘C(D)

< CIAPPII(A = N) (o, M)l 1o )

= CIANZP (A = Moz, mu)ll oy s 0 <1 <o, (8.9)

since we have the assertions

{wo(xan) =1 on GN?
supp (o (7, n)u) C G'.

However, we have the formula

(A =N (w0l n)u) = wo(x,n) (A= Nu) + [A, oz, n)]u, (8.10)

where [A, ¢o(x,n)] is the commutator of A and g (z,n) defined by the formula
[A, po(@,m)]u = Ao (z, n)u) — po(z,n)Au
N

i 0o Ou
=2 Z aj(m)@x(-)ﬁx-
i v

=1
N N

ij 9o iy 0%0
ij 7
+ E a'(x) 0 + i b'(z) oz, u. (8.11)

ij=1
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Here we need the following elementary inequality:
Claim 8.6. We have, for allv € C7(G"), j =0, 1, 2,
lollwar ey < G TP ol s

where |G'| denotes the measure of G'.

Proof. It suffices to note that we have, for all w € C(G"),

[ lw@pds <16 ul g
This proves Claim 8.6. O
Since we have (see Figure 8.3), for some positive constant ¢,
|G’ < |B(zo, )| < en™,
it follows from an application of Claim 8.6 that
llpo (2, m) (A = M)l Lo(ery < PNPIA = Nulggny,  0<n<no. (8.12)
Furthermore, we remark that
| Do (a,m)| = O (n“‘") asn | 0.

Hence it follows from an application of Claim 8.6 that

Opo O le} -
‘ Bi(: 89?]- LP(G) < n ‘u|1,p,G’ <Cn 1+N/p|u‘C1(G/)7 0<n<no, (813)
o2 _
’ amgiju‘ LG < ,76; lulLrary < Cn 2+N/p‘u|c((;/)a 0<n<mno, (814)
o c 14N
\£y4qugnmm@qscn Plul oy, 0<n<m. (8.15)

By using inequalities (8.13), (8.14) and (8.15), we obtain from formula (8.11)
that

H[A’(PO(Ivn)}UHLP(G’)
<C (7771+N/p|u\01(c:/) +7772+N/p|u\0(0/) + 7771+N/p\u|c(cf)>
<C (77*1+N/P|u\clw) + n*2+N/P|u\C(D)) . 0<n <. (8.16)
In view of formula (8.10), it follows from inequalities (8.12) and (8.16) that
1A = M) (o, mMu)ll Ly
< [leo(, M ((A = M)l e + [[As eo(@ mull o)
< opNl <|(A = Nulear Jr77_1\U|cl(D) + 77_2|U\C(D)) ,
0<n<mno. (8.17)
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Therefore, by combining inequalities (8.9) and (8.17) we obtain that
|>\‘1/2‘U|CI(G~) + 1Al |U‘C(G~)
< CAN2P (A = N (wola, )l poary
< NP2 N2 (A = Nulogan + 0 tlogn + 172 ulogan)
< NN NP <|(A = Nl py + 17 ulorpy + 77_2|U\C(D)) ;
0 <n<no. (8.18)

We remark (see Figure 8.5) that the closure D = D U 9D can be covered
by a finite number of sets of the forms

B(zy,n/2)ND, x,€dD,

and
B(I07n/2)a IOED-

oD
D B(xo,1/2)

B(x6,n/2)

Fig. 8.5.

Hence, by taking the supremum of inequality (8.18) over € D we find
that

|)\‘1/2‘u|cl(p) + 1Al ‘u|C(D)

< C|A|N/2yNIP <|(A = Nule(p) +7771‘u|(]1(D) + 7772|U‘C(D)) .
0 <n <no. (8.19)
(4) We now choose the localization parameter n. We let

_ "o
" s
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where K is a positive constant (to be chosen later) satisfying the condition

_ Mo
0<77— |>\‘1/2K<7707
that is,
0< K < |AY2

Then it follows from inequality (8.19) that

A2 [l py + AL ule )

< C’név/pKN/p\(A _ )‘)U|C(D) + <CnéV/p—1K71+N/p> |)\‘1/2 . MCl(D)
+(Cn/PERENY N - Jul gy for all u € D(). (8.20)

However, since the exponents —1 4+ N/p and —2 4+ N/p are negative for N <
p < o0, we can choose the constant K so large that

CnéV/pflK—HN/p <1,

and
Cpd/P2 =2/ <,

Then the desired inequality (8.8) follows from inequality (8.20).

The proof of Lemma 8.4 is complete. O

Step (II): The next lemma, together with Lemma 8.4, proves that the
resolvent set of 2 contains the set

Se)={A=r?e?:r>r(), —r+e<0<m—c},
that is, the resolvent (2 — A\I)~! exists for all A € X(e).

Lemma 8.7. If A € X(¢), then, for any f € Co(D\ M), there exists a unique
function v € D(A) such that (A — N )u = f.

Proof. Since we have the assertion
feCy(D\M)C LP(D) forall 1<p< oo,

it follows from an application of Theorem 1.2 that if A\ € ¥(e) there exists a
unique function v € W2P(D) such that

(A—=XNu=f inD, (8.21)

and

Lu=p(x) . +~v@)u=0 ondD. (8.22)

on
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However, part (ii) of Theorem 8.1 asserts that
ueWP(D)c C>NP(D)yc CY(D) if N <p<oo.
Hence we have, by formula (8.22) and condition (B),
u=0on M = {2’ € 9D : u(z') = 0},

so that
u e Co(D \ M)

Furthermore, in view of formula (8.21) it follows that
Au= f+ ue Cy(D\ M).
Summing up, we have proved that

u € D),
&m—ﬂmzf

Now the proof of part (i) of Theorem 1.3 is complete. O
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Proof of Theorem 1.3, Part (ii)

In this chapter we prove Theorem 1.4 and part (ii) of Theorem 1.3. This
chapter is the heart of the subject. General existence theorems for Feller
semigroups are formulated in terms of elliptic boundary value problems with
spectral parameter (Theorem 9.12). First, we study Feller semigroups with
reflecting barrier (Theorem 9.14) and then, by using these Feller semigroups
we construct Feller semigroups corresponding to such a diffusion phenomenon
that either absorption or reflection phenomenon occurs at each point of the
boundary (Theorem 9.18). Our proof is based on the generation theorems of
Feller semigroups discussed in Section 2.2.

9.1 General Existence Theorem for Feller Semigroups

The purpose of this section is to give a general existence theorem for Feller
semigroups in terms of boundary value problems (Theorem 9.12), following
Taira [Ta2, Section 9.6] (cf. [BCP], [SU], [Ta3]).

Let D be a bounded domain of Euclidean space R, with smooth bound-
ary 0D; its closure D = D U 0D is an N-dimensional, compact smooth man-
ifold with boundary. We let

N

A= iaij(x) o +Zbi(sc) 0 + c(z)

X
ij=1 !

be a second-order, elliptic differential operator with real coefficients such that:

(1) a¥ € C*(D) and a¥(x) = a’*(z) for all z € D and 1 < 4,5 < N, and
there exists a positive constant ag such that

N
> a(2)&& > aol¢? for all (x,6) € D x RN,
ij=1
K. Taira, Boundary Value Problems and Markov Processes, 125

Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 9,
(© Springer-Verlag Berlin Heidelberg 2009
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(2) b € C®(D) forall1 < i < N.
(3) c€ C*®(D) and ¢(x) <0 on D.

The differential operator A describes analytically a strong Markov process

with continuous paths in the interior D such as Brownian motion (see

Figure 1.4). The functions a% (z), b*(z) and c(z) are called the diffusion coef-

ficients, the drift coefficients and the termination coefficient, respectively.
Let L be a first-order boundary condition such that

0
Lu=p(a) 4+,

where:

(4) p e C*(0D) and p(x') > 0 on OD.

(5) v € C*°(dD) and (') < 0 on dD.

(6) n = (n1,n2,...,ny) is the unit interior normal to the boundary 9D (see
Figure 1.1).

The boundary condition L is called a first-order Ventcel’ boundary condition

(cf. [We]). Tts terms p(a’)(Ou)/(On) and y(2')u are supposed to correspond

to the reflection and absorption phenomena, respectively (see Figure 1.5).
We are interested in the following problem:

Problem. Given analytic data (A, L), can we construct a Feller semigroup
{T}}+>0 on D whose infinitesimal generator 2 is characterized by (A, L) ?

First, we consider the following Dirichlet problem: Given functions f(x)
and ¢(z’) defined in D and on 0D, respectively, find a function u(z) in D

such that p
u=f in D,
{u = on dD. (9-1)

The next theorem summarizes the basic facts about the Dirichlet problem
in the framework of Holder spaces (cf. [GT]):

Theorem 9.1. (i) (Existence and Uniqueness) If f € C?(D) with 0 < 6 < 1
and if ¢ € C(OD), then problem (9.1) has a unique solution u(x) in C(D) N
2+t (D)

(ii) (Interior Regularity) If u € C?(D) and Au = f € C**9(D) for some
non-negative integer k, then it follows that u € C*T2+9 (D).

(iii) (Global Regularity) If f € C*+%(D) and p € C*+2T9(0D) for some
non-negative integer k, then a solution u € C(D) N C?(D) of problem (9.1)
belongs to the space C*+2+9(D).

Next we consider the following Dirichlet problem with spectral parameter:
For given functions f(z) and ¢(2’) defined in D and on 9D, respectively, find
a function u(x) in D such that
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{(aA)uf in D,

U= on 0D, (9-2)

where « is a positive parameter.

By applying Theorem 9.1 with A := A — «, we obtain that problem (9.2)
has a unique solution u(z) in C?*%(D) for any f € C?%(D) and any ¢ €
C?**9(9D) with 0 < 6 < 1. Therefore, we can introduce linear operators

G° . C?(D) — C?**(D),
and
H, : C**"(9D) — C**?(D)
as follows.

(a) For any f € C?(D), the function GY f € C?**%(D) is the unique solution
of the problem

GYf=0 on 0D. (9-3)

(b) For any ¢ € C**9(9D), the function H,p € C?>T9(D) is the unique solu-
tion of the problem

{(ozA)Ggff in D,

{(ozA)Hach in D, (9.4)

Hyp=0p on dD.

The operator GY is called the Green operator and the operator H, is called
the harmonic operator, respectively.
Then we have the following result:

Lemma 9.2. The operator G°, a > 0, considered from C(D) into itself, is

le'2)
non-negative and continuous (bounded) with norm

IGa]l = [[6a1]l, = maxGol(@).
z€D
Proof. Let f(x) be an arbitrary function in C?(D) such that f(x) > 0 on

D. Then, by applying the weak maximum principle (see Theorem A.1) with
A:= A — « to the function —GY f we obtain from formula (9.3) that

G f>0 onD.

This proves the non-negativity of G9.
Since GY is non-negative, we have, for all f € C?(D),

~Gollfllss < Gof < Gollflls on D.
This implies the continuity of GY with norm

IGall = 1Ga1] -

The proof of Lemma 9.2 is complete. O
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Similarly, we have the following result:

Lemma 9.3. The operator H,, a > 0, considered from C(9D) into C(D), is
non-negative and continuous (bounded) with norm

|Hol| = [|[Hall|loo = max Hy1(z).
zeD

More precisely, we have the following fundamental results:

Theorem 9.4. (i) (a) The operator GO, a > 0, can be uniquely extended to

(24
a non-negative, bounded linear operator on C(D) into itself, denoted again by
G, with norm

[e'%4

sl = 6ot < . (95)
(b) For any f € C(D), we have the assertion
GYf=0 ondD.
(¢) For all a, B > 0, the resolvent equation holds:
Gof —GYf + (a=B)GLGYf =0, feC(D). (9.6)
(d) For any f € C(D), we have the assertion

lim oG f(z) = f(z) for allx € D. (9.7)

a——+00

Furthermore, if f(x') =0 on 0D, then this convergence is uniform in x € D,
that is, we have the assertion

aErJIrloo aGlf=f inC(D). (9.8)
(e) The operator GY maps C*T9(D) into C**2+9(D) for any non-negative
integer k.

(ii) (d') The operator H,, o > 0, can be uniquely extended to a non-
negative, bounded linear operator on C(0D) into C(D), denoted again by H,,
with norm || Hy|| = 1.

(V') For any ¢ € C(0D), we have the assertion

Hop=¢ ondD.
(¢ ) For all o, B > 0, we have the equation
Hop — Hgp + (a — f)Go Hgp =0, ¢ € C(AD). (9.9)

(d') The operator H, maps C*+2+9(9D) into C*+2+9(D) for any non-negative
integer k.
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Proof. (i) (a) By making use of Friedrichs’ mollifiers, we find that the Holder
space C?(D) is dense in C(D) and further that non-negative functions can
be approximated by non-negative smooth functions. Hence, by Lemma 9.2 it
follows that the operator GO : C?(D) — C?*%(D) can be uniquely extended
to a non-negative, bounded linear operator G2 : C'(D) — C(D) with norm
1GS = G oc.

Furthermore, since the function G2 1 satisfies the conditions

(A-a)G%1=-1 in D,
G°1=0 on 0D,

by applying Theorem A.2 with A := A — a we obtain that

1
IGal = IGatl <

(b) This assertion follows from formula (9.3), since the space C?(D) is
dense in C'(D) and since the operator GY : C'(D) — C(D) is bounded.

(¢) We find from the uniqueness theorem for problem (9.2) (Theorem 9.1)
that equation (9.6) holds true for all f € C?(D). Indeed, it suffices to note
that the function

v=Gf —GYf + (a— PG GYf € C*T(D)

satisfies the conditions

(¢ — A =0 1inD,
v=20 on 0D,

so that
v=0 in D.

Therefore, we obtain that the resolvent equation (9.6) holds true for all f €
C(D), since the space C?(D) is dense in C(D) and since the operators GO
and G are bounded.

(d) First, let f(z) be an arbitrary function in C?(D) satisfying the bound-
ary condition f|pp = 0. Then it follows from an application of the uniqueness
theorem for problem (9.2) (Theorem 9.1) that we have, for all «, 3,

f—aGof=Go((B—A)f) - BCof.

Indeed, the both sides satisfy the same equation (« — A)u = —Af in D and
have the same boundary value 0 on dD. Thus we have, by estimate (9.5),

1
17~ G fllee < 18— A) e+ 17

so that
lin I f — aG? f|le = 0. (9.10)
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Now let f(z) be an arbitrary function in C(D) satisfying the boundary
condition f|sp = 0. By means of mollifiers, we can find a sequence {f;} in
C?(D) such that

fi—f mC(D)asj— oo,
{ fj =0 on 0D.

Then we have, by estimate (9.5) and assertion (9.10) with f := f;,

If = G2 flloe < NIf = Filloo + 15 — @GO fjlloe + 0GA(f5 — F)lloo
< 2|f = filloo + 1fi — @G fjlloo>

and hence
limsup || f — @G flloe < 2/1f = filloo-

a——+00

This proves the desired assertion (9.8), since ||f — fjllcoc — 0 as j — oo.
To prove assertion (9.7), let f(x) be an arbitrary function in C'(D) and let
2 be an arbitrary point of D. If we take a function ¢(y) in C(D) such that

0<9(y)<1 onD,
Y(y) =0 in a neighborhood of z,
1 near the set 0D,

then it follows from the non-negativity of G2 and estimate (9.5) that
0 < aGy(x) +aGo (1 —)(z) = aG1(z) < 1. (9.11)

However, by applying assertion (9.8) to the function 1 — ¢(y) we have the
assertion

lim aGo%(1—)(z) =(1—)(z) =1 forallz e D.

a——00
In view of inequalities (9.11), this implies that

lim aGo¢(x) =0 forallz e D.

a——+00

Thus, since we have the inequalities
N fllct < fb < | fllc®p on D,
it follows that, for z € D,
laGo (fU)(@)] < |[fllee - aGato(z) — 0 as a — +oo.

Therefore, by applying assertion (9.8) to the function (1—1(y))f(y) we obtain
that

f#) = (1= 9)f) @) = _lm_aGS (1 - 0)f) (2)
= lim aG%f(z) forallze D.

a——+00



9.1 General Existence Theorem for Feller Semigroups 131

This proves the desired assertion (9.7).

(ii) (a’) Since the space C?**?(dD) is dense in C(0D), by Lemma 9.3
it follows that the operator H, : C**9(9D) — C?**%(D) can be uniquely
extended to a non-negative, bounded linear operator H, : C(0D) — C(D).
Furthermore, by applying Theorem A.2 with A := A—a we have the assertion

[Hall = [[Hallloo = 1.

(b') This assertion follows from formula (9.4), since the space C**?(9D)
is dense in C'(9D) and since the operator H, : C(0D) — C(D) is bounded.
(c’) We find from the uniqueness theorem for problem (9.2) that equation
(9.9) holds true for all p € C?T?(9D). Indeed, it suffices to note that the
function
w= Hyp — Hap + (a — B)G°. Hzp € C*H9(D)

satisfies the conditions

(e —A)w=0 1in D,
w=20 on 0D,

so that
w=0 1in D.

Therefore, we obtain that the desired equation (9.9) holds true for all ¢ €
C(0D), since the space C>*9(9D) is dense in C(9D) and since the operators
GY and H, are bounded.

The proof of Theorem 9.4 is now complete. 0O

Summing up, we have the following diagrams for the operators G2 and
H,:

| I

C2+9 (6D) L) 02+9 (D)

Now we consider the following boundary value problem in the framework
of the spaces of continuous functions.

(a—Au=f inD,
{ Lu=0 on dD. (9-12)

To do this, we introduce three operators associated with problem (9.12).
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(I) First, we introduce a linear operator
A:C(D)— C(D)
as follows.
(a) The domain D(A) of A is the space C%(D).
(b) Au = Zgjzl a’(z) azQ;xj + 3N bi(x) g; + c(x)u, u € D(A).
Then we have the following:

Lemma 9.5. The operator A has its minimal closed extension A in the space

C(D).

Proof. We apply part (i) of Theorem 2.18 to the operator A.
Assume that a function u € C?(D) takes a positive maximum at an interior
point zq of D:

u(xp) = maxu(zx) > 0.
z€D

Then it follows that

ou
= 1<i<N
axi( )=0 <4
N

y 0%u

1) <
Z a (xo)ﬁxﬁx] (SC()) <0,
i,j=1

since the matrix (a%(z)) is positive definite. Hence we have the assertion

N
Z 8 8 (20) + c(o)u(zo) < 0.

This implies that the operator A satisfies condition (/) of Theorem 2.18 with
Ky := D and K := D. Therefore, Lemma 9.5 follows from an application of
the same theorem.

The proof of Lemma 9.5 is complete. O

Remark 9.1. Since the injection: C(D) — D’'(D) is continuous, we have the
formula
N N
i 0%u i\ Ou
Au = HZZI a(z) Dz:0; + 1:21 b (x) oz, +c(z)u, ue (D),
where the right-hand side is taken in the sense of distributions. The operators
A and A can be visualized as follows:
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The extended operators G2 : C(D) — C(D) and H, : C(0D) — C(D),
a > 0, still satisfy formulas (9.3) and (9.4) respectively in the following sense:

Lemma 9.6. (i) For any f € C(D), we have the assertions
Gof € D(A),
(al — A)GYf = fin D.
(i) For any ¢ € C(0D), we have the assertions

Hayp € D(A),
(al —A)Hyp =0 1in D.

Here D(A) is the domain of the closed extension A.

Proof. (i) By making use of Friedrichs’ mollifiers, we can choose a sequence
{f;} in C%(D) such that f; — f in C(D) as j — co. Then it follows from the
boundedness of GY, that

Gofj — Gof in C(D),
and further that
(= AGofi=f; — f inC(D).
Hence we have the assertions

Gaf € D(A),
(al —A)GYf=f inD.

since the operator A : C(D) — C(D) is closed.

(ii) Similarly, part (ii) is proved, since the space C**?(9D) is dense in
C(0D) and since the operator H, : C(0D) — C(D) is bounded.

The proof of Lemma 9.6 is complete. O

Corollary 9.7. Every function u in D(A) can be written in the following
form:
u=GY ((aI — A)u) + Ho(ulop) for all a > 0. (9.13)

Proof. We let
w=u— G ((al — A)u) — Ho(ulop).

Then it follows from Lemma 9.6 that the function w is in D(A) and satisfies
the conditions
w =0 on 0D.

However, in light of Remark 9.1, by applying Lemma 5.1 with A\g := « and
Theorem 4.9 with A := A — « to the Dirichlet case (u(2') =0 and y(2') = —1
on 0D) we obtain that

{(al—A)w:O in D,

w e C(D).
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Therefore, it follows from an application of Theorem 9.1 with A := A —« that
w = 0.

This proves the desired formula (9.13).
The proof of Corollary 9.7 is complete. O

(IT) Secondly, we introduce a linear operator
LG° : C(D) — C(8D)

as follows.

(a) The domain D (LGY) of LGY, is the Holder space C?(D) with 0 < 6 < 1.
(b) LGYf =L (GSf), f € D(LGY).

Then we have the following:

Lemma 9.8. The operator LG%, a > 0, can be uniquely extended to a non-

(e %)

negative, bounded linear operator LGS, : C(D) — C(0D).

Proof. Let f(z) be an arbitrary function in D(LGY) = C?(D) such that
f(z) >0 on D. Then we have the assertions

Go.f € C*M(D),
GSf>0 on D,
G2 flap =0 on 9D,

and hence

LGOS = nla') o (GO) + ()G S

0

0

= (') 5 (G2) 20 on dD.

n

This proves that the operator LGY is non-negative.
By the non-negativity of LGY, we have, for all f € D(LGY),

—LG || flloe € LGof < LG flloc  on OD.

This implies the boundedness of LGY with norm
ILGA] = ILGA1 |-

Recall that the space C?(D) is dense in C'(D) and that non-negative func-
tions can be approximated by non-negative smooth functions. Hence we find
that the operator LG can be uniquely extended to a non-negative, bounded
linear operator LGY : C(D) — C(9D).

The proof of Lemma 9.8 is complete. O
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The operators LGY and LGY can be visualized as follows:

o) L% ¢oD)

I I

c(py . o1 +9(9p)

The next lemma states a fundamental relationship between the operators
LGS and LGY for o, 3> 0:

Lemma 9.9. For any f € C(D), we have the formula
LGOf = LGYf + (a = B)LGY, Gy f =0 for all o, 3> 0. (9.14)

Proof. Choose a sequence {f;} in C?(D) such that f; — f in C(D) as j — oo,
just as in Lemma 9.6. Then, by using the resolvent equation (9.6) with f := f;
we have the formula

LGO f; — LG%f]‘ + (o — ﬁ)LGgG%fj =0.

Hence, the desired formula (9.14) follows by letting j — oo, since the operators

LGY, LGY and GY are all bounded.
The proof of Lemma 9.9 is complete. O

(ITI) Finally, we introduce a linear operator
LH, : C(0D) — C(0D)
as follows.

(a) The domain D (LH,) of LH, is the space C**?(0D).
(b) LHatp = L (Hat), ¥ € D(LHa,).

Then we have the following:

Lemma 9.10. The operator LH,, o > 0, has its minimal closed extension
LH, in the space C(9D).

Proof. We apply part (i) of Theorem 2.18 to the operator LH,,. To do this, it
suffices to show that the operator LH,, satisfies condition (5’) with K := 0D
(or condition (3) with K := Ky = dD) of the same theorem.

Assume that a function v in D(LH,) = C?>T%(9D) takes its positive max-
imum at some point z’ of D. Since the function H, is in C?**?(D) and

satisfies
(A—a)Hap =0 in D,
Hyp = on 0D,

by applying the weak maximum principle (Theorem A.1) with A := A — « to
the function H,v we find that the function H, takes its positive maximum



136 9 Proof of Theorem 1.3, Part (ii)

at the boundary point 2’ € dD. Thus we can apply the boundary point lemma
(Lemma A.3) with A := A — « to obtain that

0

o (Hat)(@) <0

Hence we have the inequality

N—-1
LH.p(x') = o' (z')
i,j=1

+y(2)(a)
<0.

This verifies condition (5’) of Theorem 2.18. Therefore, Lemma 9.10 follows
from an application of the same theorem.
The proof of Lemma 9.10 is complete. O

Remark 9.2. The operator LH, enjoys the following property:

If a function v in the domain D (LHQ) takes its positive mazximum
at some point z’ of D, then we have the inequality
LHy(2") <0. (9.15)

The operators LH,, and LH, can be visualized as follows:

cop) =, D)
| |

02+0(8D) o | Cl+0(aD)

The next lemma states a fundamental relationship between the operators
LH, and LHg for o, 8 > 0:

Lemma 9.11. The domain D (LHa) of LH,, does not depend on o > 0; so
we denote by D the common domain. Then we have the formula

LHy) — LHgp+ (a— B)LGY Hgp =0 for all o, >0 and ¢ € D. (9.16)

Proof. Let ¢(x’) be an arbitrary function in D(LHg), and choose a sequence
{¢;} in D(LHg) = C**%(dD) such that, as j — oo,

Y — in C(0D),
LHg); — LHgp  in C(0D).

Then it follows from the boundedness of Hz and LGY that
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LGo(Hgj) = LGY,(Hgp;) — LGA(Hgyp) in C(AD).
Therefore, by using formula (9.9) with ¢ := 1, we obtain that, as j — oo,

LHatp; = LHptp; — (oo — B)LGY (Hpth;)
e LHB’(/} — (a — ﬁ)LGg(HBw) in C(@D)

This implies that

{zp € D(LH,),
LHo = LHgp — (a = B) LG (Hpy)),

since the operator LH, : C(0D) — C(9D) is closed.
Conversely, by interchanging « and § we have the assertion

D(LH,) C D(LHjg),

and so
D(LH,)=D(LHg).

The proof of Lemma 9.11 is complete. 0O

Now we can prove a general existence theorem for Feller semigroups on
0D in terms of boundary value problem (9.12). The next theorem asserts that
the operator LH,, is the infinitesimal generator of some Feller semigroup on
0D if and only if problem (9.12) is solvable for sufficiently many functions ¢
in the space C(0D):

Theorem 9.12. (i) If the operator LH,, o > 0, is the infinitesimal generator

of a Feller semigroup on 0D, then, for each positive constant X\, the boundary
value problem

(¢ —A)u=0 in D,

{ A—=Lu=¢ ondD (9-17)

has a solution v € C**%(D) for any ¢ in some dense subset of C(0D).

(i) Conversely, if, for some non-negative constant A, problem (9.17) has
a solution u € C?T9(D) for any ¢ in some dense subset of C(OD), then the
operator LH,, is the infinitesimal generator of some Feller semigroup on 0D.

Proof. (i) If the operator LH,, generates a Feller semigroup on 9D, by apply-
ing part (i) of Theorem 2.18 with K := 9D to the operator LH, we obtain
that

R (M — LH,) = C(0D) for each A > 0.

This implies that the range R (A — LH,) is a dense subset of C(9D) for
each A > 0. However, if ¢ € C(9D) is in the range R (A — LH,,) and if ¢ =
(M — LH,) with ¢ € C?**?(9D), then the function u = H,y € C?T9(D) is
a solution of problem (9.17). This proves part (i) of Theorem 9.12.
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(ii) We apply part (ii) of Theorem 2.18 with K := 9D to the operator
LH,. To do this, it suffices to show that the operator L H, satisfies condition
(7) of the same theorem, since it satisfies condition ('), as is shown in the
proof of Lemma 9.10.

By the uniqueness theorem for problem (9.2), it follows that any function
u € C?*+9(D) which satisfies the homogeneous equation

(a0 —Au=0 inD
can be written in the form:
u= Hy (ulop), ulop € C*T9(OD) =D (LH,).

Thus we find that if there exists a solution u € C**?(D) of problem (9.17) for
a function ¢ € C(9D), then we have the assertion

(Al = LHa) (ulop) = ¢,

and so

¢ € R(M — LH,).

Hence, if, for some non-negative constant A, problem (9.12) has a solution
u € C*9(D) for any ¢ in some dense subset of C(9D), then the range
R (M — LH,) is dense in C'(0D). This verifies condition () (with agp := A) of
Theorem 2.18. Therefore, part (ii) of Theorem 9.12 follows from an application
of the same theorem.

Now the proof of Theorem 9.12 is complete. O

Remark 9.3. Intuitively, Theorem 9.12 asserts that we can “piece together” a
Markov process (Feller semigroup) on the boundary 0D with A-diffusion in
the interior D to construct a Markov process (Feller semigroup) on the closure
D = DUOD. The situation may be represented schematically by Figure 9.1.

We conclude this section by giving a precise meaning to the boundary
conditions Lu for functions u in D(A).
We let
D(L) = {u € D(A) : ulsp € D},

where D is the common domain of the operators LH,, for all « > 0. We remark
that the space D(L) contains C?*%(D), since C?>t%(9D) = D(LH,) C D.
Corollary 9.7 asserts that every function u in D(L) C D(A) can be written in
the form

u=G? ((aI — A)u) + Hy (ulop) for all a > 0. (9.13)

Then we define the boundary condition Lu by the formula
Lu= LGY ((af — A)u) + LH, (ulop), u € D(L). (9.18)

The next lemma justifies definition (9.18) of Lu for each u € D(L):
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y .

Fig. 9.1.

Lemma 9.13. The right-hand side of formula (9.18) depends only on u, not
on the choice of expression (9.13).

Proof. Assume that
u=G ((al —A)u)+ Hy (ulop)
=G ((BI— A)u) + Hg (ulop) »

where a, # > 0. Then it follows from formula (9.14) with f := (al — A)u
and formula (9.18) with ¢ := u|sp that

LGY ((a[ — A) u) + LH, (ulop)
= LG (e —A)u) — (o — ﬁ)LGgG% (o — A) u)
+LHg (ulop) — (a — B)LGEHg (ulop)
— LG (8 — A)u) + LHj (ulop)
Ha—p) {LGgu — LGYGY (al — A)u— LGYHy (u\aD)} . (9.19)

However, the last term of formula (9.19) vanishes. Indeed, it follows from
formula (9.13) with « := § and formula (9.14) with f := u that

LG%u — LGY, (G (o — A) u) — LGS Hpg (ulap)
= LGY%u— LGY (G} (B — A) u+ Hg (ulop) + (o — B)GRu)
= LG%u — LG%u — (o — B)LGY,GRu
=0.
Therefore, we obtain from formula (9.19) that
LGS, ((of — A)u) + LH, (ulop) = LGY ((BI — A) u) + LHp (ulop) -

The proof of Lemma 9.13 is complete. 0O
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9.2 Feller Semigroups with Reflecting Barrier

Now we consider the Neumann boundary condition

ou

L = .
N on|,p,

We recall that the boundary condition Ly is supposed to correspond to the
reflection phenomenon.

The next theorem (formula (9.21)) asserts that we can “piece together” a
Markov process on 0D with A-diffusion in D to construct a Markov process
on D = DU 9D with reflecting barrier (cf. [BCP, Théoreme XIX]):

Theorem 9.14. We define a linear operator
Ay : C(D) — C(D)
as follows.
(a) The domain D(2Ay) of An is the space
D(An) = {u € D(A) : ulopp € Dy, Lyu=0}, (9.20)

where Dy is the common domain of the operators L H, for all a > 0.
(b) Anu = Au, u € D(AUy).

Then the operator Uy is the infinitesimal generator of some Feller semi-
group on D, and the Green operator GY = (al — QlN)fl, a > 0, s given by
the following formula:

GNf=GYf— H, (LNH;1 (LNGgf)) . fec(D). (9.21)

Proof. We apply part (ii) of Theorem 2.16 to the operator 2y defined by
formula (9.20). The proof is divided into eight steps.
Step 1: First, we prove that:

The operator Ly H, is the generator of some Feller semigroup on 0D,

for any sufficiently large o > 0.
We introduce a linear operator
Tn(e) : B¥YPP(9D) — B>~1/PP(9D)
as follows.

(a) The domain D(7n(«)) of Tn(«) is the space

D(Ty(a)) = {(p € B2 YPP(9D) : LyHap € 32—1/%?(81))} .
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(b) Tn(a)p = LyHayp, ¢ € D(In(a)).

Here it should be emphasized that the harmonic operator H, is essentially
the same as the Poisson operator P(«) introduced in Chapter 5.

Then, by arguing just as in the proof of Theorem 7.1 with u(2’) := 1 and
~(z') :== 0 on OD we obtain that

The operator 7Ty () is bijective for any sufficiently large o > 0.
Furthermore, it maps the space C*°(9D) onto itself. (9.22)

Since we have the assertion
LNHQ = TN(Oz) on C’°°(8D),

it follows from assertion (9.22) that the operator Ly H, also maps C*°(9D)
onto itself, for any sufficiently large a« > 0. This implies that the range
R(LnH,) is a dense subset of C(0D). Hence, by applying part (ii) of
Theorem 9.12 we obtain that the operator Ly H, generates a Feller semi-
group on JD, for any sufficiently large o > 0.

Step 2: Next we prove that:

The operator Ly Hpg generates a Feller semigroup on 0D,
for any 5 > 0.

We take a positive constant « so large that the operator Ly H, generates
a Feller semigroup on dD. We apply Corollary 2.19 with K := 0D to the
operator LyHg for § > 0. By formula (9.16), it follows that the operator
Ly Hpg can be written as

LNH,g =LyH,+ Na,@,

where Nog = (o — B)LyGY Hp is a bounded linear operator on C'(9D) into
itself. Furthermore, assertion (9.16) implies that the operator Ly Hg satisfies
condition (') of Theorem 2.18. Therefore, it follows from an application of
Corollary 2.19 that the operator LyHp also generates a Feller semigroup
on 0D.

Step 3: Now we prove that:

The equation

LnHoayp =
has a unique solution ¢ in D(Ly H,) for any ¢ € C(9D); hence the
inverse LNHO:1 of L H, can be defined on the whole space C(9D).
Furthermore, the operator —L NHO:1 is non-negative and bounded
on the space C(9D). (9.23)
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Since the function H,1(x) takes its positive maximum 1 only on the boundary
0D, we can apply the boundary point lemma (Lemma A.3) to obtain that

0

oy Hal) <0 on dD. (9.24)

Hence the Neumann boundary condition implies that

d
LyHol= , (Hal) <0 ondD,

and so
lo = min (—LyHy1)(2') = — max LyH,1(2") > 0.
z’'€0D z’'€0D

Furthermore, by using Corollary 2.17 with K := 0D, A := LyH, and ¢ := /,
we obtain that the operator Ly H, +/,I is the infinitesimal generator of some
Feller semigroup on dD. Therefore, since ¢, > 0, it follows from an application
of part (i) of Theorem 2.16 with 2 := Ly H, + £,I that the equation

~LyHoth = (bod = (LnHo + o)) ) = ¢

has a unique solution ¢ € D(Ly H,,) for any ¢ € C(0D), and further that the
operator fLNHa_1 = (éal — (LnHao + éaI)) is non-negative and bounded
on the space C'(0D) with norm

1

S RS B

Step 4: By assertion (9.23), we can define the right-hand side of formula
(9.21) for all @« > 0. We prove that:

GY =(al =)™, a>0. (9.25)
In view of Lemmas 9.6 and 9.13 with L := Ly, it follows that we have, for
all f € C(D),
GNf =GO f ~ Ho (LyHa " (LnGOS)) € D(A),
G flop = —LwHa ' (LnGO.f) € D (LyHa) =Dy,
Ln(GY f) = LnGOf — LyH, LNHa_1 (LNGgf)) =0,
and
(al = A)GYf) =
Hence we have proved that, for all f € C'(D),

GaNfG'D(QlN),
(al —2AN)GY f=F.
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This proves that
(al —AN)GYN =T on C(D).

Therefore, in order to prove formula (9.25) it suffices to show the injectivity
of the operator al — An for a > 0.
Assume that:

ueD(Ry) and (af —Ayx)u = 0.
Then, by Corollary 9.7 it follows that the function u can be written as
u=Hy (ulop), ulop € Dy =D (LyHy) .
Thus we have the assertion
LyH, (ulgp) = Lyu = 0.
In view of assertion (9.23), this implies that
ulap =0,

so that
u=H, (ulpp) =0 in D.
This proves the injectivity of al — Ay for a > 0.

Step 5: The non-negativity of G, a > 0, follows immediately from for-
mula (9.21), since the operators G2, H,, fLNHa_1 and LyGY are all non-
negative.

Step 6: We prove that the operator G¥ is bounded on the space C(D)
with norm

1
|GY|| <~ foralla>0. (9.26)
@
To do this, it suffices to show that, for all a > 0,
1
GN1< onD. (9.27)
@

since GY is non-negative on C(D).
First, it follows from the uniqueness property of solutions of problem (9.2)
that
aG1+ Hyl =1+ G2 (c(z)) on D. (9.28)

Indeed, the both sides satisfy the same equation (o« — A)u = « in D and have
the same boundary value 1 on 0D.

By applying the boundary operator Ly to the both hand sides of equality
(9.28), we obtain that

—LyH,1 = —Lyl — LyGY(c(x)) + aLnyG21
9 0 0
=— LyGY1
on (Galc(@))) on +alnG,
aLNGgl on 0D,

Y
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since G2(c(z)) = 0 on D and GY(c(z)) < 0 on D. Hence we have, by the
non-negativity of —LyH,

- 1
—LnH, ' (LyG91) <~ ondD. (9.29)
@
By using formula (9.21) with f := 1, inequality (9.29) and equality (9.28), we
obtain that

GY1= GO+ Hy (~LnHa ' (LnGS1))

IN

Go1 + ! H,1
«

1 1
= GY
o o G
1
< on D,
@

since the operators H, and G are non-negative and since G (c(z)) < 0 on D.
Therefore, we have proved the desired assertion (9.27) for all a > 0.
Step 7: Finally, we prove that:

The domain D (Ay) is dense in the space C(D). (9.30)
Step 7-1: Before the proof, we need some lemmas on the behavior of G9,
-1
H, and —LyH, asa— 4oo:

Lemma 9.15. For all f € C(D), we have the assertion
lim [aGYf + Ho (flop)] = f in C(D). (9.31)

a——+00

Proof. Choose a positive constant § and let
9= —Hp(flop)-
Then, by using formula (9.9) with ¢ := f|sp we obtain that
aGog—g= [aGof + Ha(flop) — f] — BGoHs(flap)- (9.32)
However, we have, by estimate (9.5),

lim G4 Hy(flap) =0 in C(D),

and, by assertion (9.8),

lirf aGlg =g inC(D),
since glgp = 0.
Therefore, the desired formula (9.31) follows by letting o — +o0 in formula
(9.32).
The proof of Lemma 9.15 is complete. O
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Lemma 9.16. The function

0
(Hal)
on oD

diverges to —oo uniformly and monotonically as oo — +00.
Proof. First, formula (9.9) with ¢ := 1 gives that
H,1 = Hgl — (o — B)G° Hpl.
Thus, in view of the non-negativity of G% and H,, it follows that
a>fpf = Hy,1<Hgl onD.
Since Hy1|op = Hgllgp = 1, this implies that the functions

0

on (Hal)

oD

are monotonically non-increasing in «. Furthermore, by using formula (9.7)
with f := Hgl we find that the function
_ B 0
Hyl(z) = Hgl(x) — [ 1 — oGy Hpl(x)
!

converges to zero monotonically as o — 400, for each interior point = of D.
Now, for any given positive constant K we can construct a function u €

C?(D) such that

u=1 ondD, (9.33a)
ou

< — . .
o < —K ondD (9.33b)

Indeed, it follows from an application of Theorem 9.1 that, for any integer
m > 0, the function
u= (Hg,1)™

belongs to C**?(D) and satisfies condition (9.33a). Furthermore, we have the
assertion

ou
on

=m 0 (Hao1)
oD on

oD

<'m max (aan (Ha01)(x')).

z'€dD

In view of inequality (9.24) with « := ag, this implies that the function
u = (Hu,u)" satisfies condition (9.33b) for m sufficiently large.
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Fig. 9.2.

We take a function u € C?(D) which satisfies conditions (9.33a) and
(9.33b), and choose a neighborhood U of 9D, relative to D, with smooth
boundary OU such that (see Figure 9.2)

u > ; on U. (9.34)

Recall that the function H,1 converges to zero in the interior D monoton-
ically as @ — +o00. Since u = H,1 = 1 on the boundary 0D, by using Dini’s
theorem we can find a positive constant « (depending on u and hence on K)
such that

Hy1<wu ondU\dD, (9.35a)
a > 2| Au| - (9.35D)

It follows from inequalities (9.34) and (9.35b) that
(A—a)(Hyl —u) = au — Au
e
>0 inU.

Thus, by applying the weak maximum principle (Theorem A.1) with A :=
A — « to the function H,1 — u we obtain that the function H,1 — u may take
its positive maximum only on the boundary OU. However, conditions (9.33a)
and (9.35a) imply that

Hy1—u<0 ondU=(0U\ID)UID.

Therefore, we have the assertion
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H,1<u onU=UUOU,

and hence 9 5
H,1) <
an( )< 0

since u|pp = Huollop = 1.
The proof of Lemma 9.16 is complete. O

Y<K onaD,
n

In the following we shall use the notation

o /
llelloo = ml,réaa%\w(x )l

for a function ¢(z’) defined on the boundary dD.
Now we can study the behavior of the operator norm || — LNHQ71|| as
Q. — 400!
1
|

Corollary 9.17.limy 1o || — LNHs || = 0.

Proof. By Lemma 9.16, it follows that the function

0

LyHol(z') =
n

(Hu1) (2"), 2 €D,
diverges to —oo monotonically as a — 400. By Dini’s theorem, this conver-
gence is uniform in 2’ € 9D. Hence the function
1
LNHal(SL'/)
converges to zero uniformly in 2’ € 9D as o — +oo. This implies that

1

(RZEC B

oo

1
SHLNHalHOO_)O as « — +o00o.

Indeed, it suffices to note that

—LyH,1(2") 1 ,
= < —LyHy1 for all 2’ € 9D.
LyHal(@)| = || LyHa|| (TEvHel@)) foralla®c
The proof of Corollary 9.17 is complete. O

Step 7-2: Proof of Assertion (9.30)
In view of formula (9.25) and inequality (9.26), it suffices to prove that

oGS f = flls =0, f € C®(D), (9.36)

lim
a——400

since the space C°(D) is dense in C'(D).
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First, we remark that

laGN f—f|l = Hacgf — o, (LNHQ_I (LNGgf)) . f”oc
< @GS f + Ha (flon) — f]|..
—aH, (LNHQ’1 (LNGgf)) —H, (f\aD)Hoo
< ||aGof + Ha (flon) — f||.
—aLyH, ' (LnGof) — f\aDHOO.

+

+

Thus, in view of assertion (9.31) it suffices to show that

lim [—aLNH(;l (LnGOf) - f\@D} =0 inC(3D). (9.37)

a——400

We take a constant 3 such that 0 < 8 < «, and write
f=Ghg+ Hgo,
where (cf. formula (9.13)):

{g = (8- A)f €C°(D),
¢ = flap € C**9(8D).

Then, by using equations (9.6) (with f := g) and (9.9) we obtain that
Gof = GaGhg + GoHayp

1
= aﬁﬂ(G%g—GigﬁLHw—Haw)-

Hence we have the assertion

HfaLNHa_l (LnGOf) — f\aDHm
«Q

—1 (0%
—LHa)LGO—LGO LyH —
ozfﬂ( N (LnG%g — LnGog+ Ly 6@)+a7ﬂ@ %0”00

« —1
< a—3 H_LNHa H : HLNG%Q-‘,-LNHBQHOO

a _1 3
Taop |-Lna || w6 gl + el

By Corollary 9.17, it follows that the first term on the last inequality converges
to zero as o« — +o00:

o f I} H_LNHO‘AH ' HLNG%Q +LNHB%0HOO — 0 asa— +oo.

For the second term, by using formula (9.6) with f := 1 and the non-negativity
of G% and LNGg we find that
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ILNGY| = |LnGolll
= |LNGj1 — (o — B)LNGLGH1 ||
< |LnGH|so-

Hence the second term also converges to zero as o« — 400:

“ H*LNHQ_IH NLNGL| - lgllee — 0 as a — +o0.
a—f

It is clear that the third term converges to zero as o — +oc:

g
a—p

Therefore, we have proved assertion (9.37) and hence the desired assertion
(9.36).

The proof of assertion (9.30) is complete.

Step 8: Summing up, we have proved that the operator 2y, defined by
formula (9.20), satisfies conditions (a) through (d) in Theorem 2.16. Hence it
follows from an application of the same theorem that the operator 2y is the
infinitesimal generator of some Feller semigroup on D.

The proof of Theorem 9.14 is now complete. O

lelloo — 0 as a — +oc.

9.3 Proof of Theorem 1.4

We apply part (ii) of Theorem 2.16 to the operator 2 defined by formula (1.5).
First, we simplify the boundary condition

Lu = ,u(sc')g’f1 +v(z")u =0 on dD.

Assume that the following conditions (A) and (B’) are satisfied:

(A) p(z') >0o0n oD.
(B") v(2') <0on 0D and y(z') < 0on M = {2’ € 0D : u(z') = 0}.

Then it follows that
(@) —~(z') >0 on dD.

Thus we find that the boundary condition

,u(x')gz +v(z")u=0 on dD

is equivalent to the boundary condition

(M(x’/;(f/i(x’)> gz M <M(x/¥(icg(x/)> u=0 ondD.
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However, if we let

then we have the assertions

ﬁ(x')gz +5(z")u=0 on dD

and

0<a(x')y<1 ondD,
y(')=p(z')—1 on dD.

Namely, we may assume that the boundary condition L is of the form

Lu= u(x’)gz + (u(z') = 1u=0 ondD,

with
0<p(@)<1 ondD.

Next we express the boundary condition L in terms of the Dirichlet and
Neumann conditions.
It follows from an application of Lemmas 9.8 and 9.10 that

LGOa = ;,L(.’L‘/) LNG37

and that
LH, = p(x') LnHy + p(2') — 1.

Hence, in view of definition (9.18) we obtain that
Lu = LGY ((al — A)u) + LHq(ulsp)
= (@) LG, ((of = A)u) + p(a) Ly Ha(ulop) + (u(2") = 1)(ulop)
= (') (LnGS ((of = Au) + Ly Ha(ulop) ) + (u(z') = 1)(ulop)
= (@) Lyu+ (u(a') = 1)(ulop), ue€D(L).
This proves the desired formula
L=u(x" )Ly + p(z") — 1. (9.38)
Therefore, the next theorem proves Theorem 1.4:
Theorem 9.18. We define a linear operator
A:Co(D\ M) — Co(D\ M)

as follows (cf. formula (9.20)).
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(a) The domain D(U) of A is the space

D(Ql) = {UECO(D\M)ZA’U,GCQ(D\M),

Lu = p(x')Lyu+ (u(x') — 1) (ulop) = 0}. (9.39)

(b) Au = Au, u € D).
Assume that the following condition (A') is satisfied:
(A')0 < p(z') <1 ondD.

Then the operator 2 is the infinitesimal generator of some Feller semigroup
{Ti}i>0 on D\ M, and the Green operator G = (ol — )1, a > 0, is given
by the following formula:

Gof =GN~ Ho (LH (LGYF)),  f€Co(D\ M), (9.40)
Here GY is the Green operator for the Neumann condition Ly given by for-
mula (9.21).

Proof. We apply part (ii) of Theorem 2.16 to the operator 2. The proof is
divided into six steps.
Step 1: First, we prove that:

If condition (A’) is satisfied, then the operator LH, is the generator

of some Feller semigroup on 0D, for any sufficiently large o > 0.
We introduce a linear operator
T(a): B¥YPP(9D) — B2~1/PP(9D)
as follows.
(a) The domain D(7 («)) of 7 («) is the space
D(T(a) = { € B V/P7(0D) : LHup € B /77(0D)} .
(b) T(e)¢ = LHawp, ¢ € D(T(a)).

Then, by arguing just as in the proof of Theorem 7.1 with y(z') := u(a’)—1
on 0D we obtain that

The operator 7 () is bijective for any sufficiently large o > 0.
Furthermore, it maps the space C°°(9D) onto itself. (9.41)

Since we have the assertion

LH, =T (a) on C*(0D),
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it follows from assertion (9.41) that the operator LH,, also maps C*°(9D) onto
itself, for any sufficiently large o > 0. This implies that the range R(LH,)
is a dense subset of C(9D). Hence, by applying part (ii) of Theorem 9.12 we
obtain that the operator LH, generates a Feller semigroup on 0D, for any
sufficiently large o > 0.

Step 2: Next we prove that:

The operator LHg generates a Feller semigroup on 9D,
for any 6 > 0.

We take a positive constant « so large that the operator L H, generates
a Feller semigroup on dD. We apply Corollary 2.19 with K := 0D to the
operator LHg for 3 > 0. By formula (9.16), it follows that the operator LHpg
can be written as
LHB =LH, + Mag,

where M,3 = (o — B)LGY Hp is a bounded linear operator on C(9D) into
itself. Furthermore, assertion (9.15) implies that the operator LHg satisfies
condition (') of Theorem 2.18. Therefore, it follows from an application of
Corollary 2.19 that the operator LHg also generates a Feller semigroup on
oD.

Step 3: Now we prove that:

If condition (A’) is satisfied, then the equation

LHoY = ¢
has a unique solution ¢ in D (LH,) for any ¢ € C(dD); hence the

inverse LHQ_1 of LH, can be defined on the whole space C(9D).

Furthermore, the operator fLHa_1 is non-negative and bounded
on the space C(9D). (9.42)

Since we have, by inequality (9.24),

LH,1 = p(x') 8n(Ha1) +u(z')—1<0 ondD,

0
it follows that

ko = min (~LH,1(z")) = — max LH,1(x") > 0.
2/ €D @'€dD

In view of Lemma 9.16, we find that the constants k, are increasing in @ > 0:
a>pF>0 = ko> ks

Furthermore, by using Corollary 2.17 with K := 0D, A := LH,, and ¢ := k,
we obtain that the operator LH,, + kI is the infinitesimal generator of some
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Feller semigroup on 0D. Therefore, since k, > 0, it follows from an application
of part (i) of Theorem 2.16 with 2 := LH, + koI that the equation

~LHo Y = (ko — (LHo + ko)) ¢ = ¢

has a unique solution ¢ € D (LH,) for any ¢ € C(dD), and further that the
operator fLHa_1 = (k‘al — (LH, + kal))_l is non-negative and bounded
on the space C'(0D) with norm

1

oo = st o) <

Step 4: By assertion (9.42), we can define the operator G, by formula
(9.40) for all @« > 0. We prove that:
Go=(al =)~ a>0. (9.43)

By Lemma 9.6 and Theorem 9.14, it follows that we have, for all f €
Co(D\ M),
Gaf € D(A),

and
A(Gaf) = OéGaf - f

Furthermore, we obtain that the function G, f satisfies the boundary condi-
tion

L(Gof) = LGN f — LH, (LHLfl (LGN f)) =0 ondD. (9.44)
However, we recall that (see formula (9.38))
Lu = p(z")Lyu+ (u(z') — 1) (ulop), u € D(L). (9.45)

Hence it follows that the boundary condition (9.44) is equivalent to the fol-
lowing:

L(Gaf) = () Ix (Gaf) + (u(a') — 1) (Gaflop) =0 ondD.  (9.46)
By condition (9.46), we have, for all f € Co(D\ M),
Gof =0o0on M ={2' € 9D : u(z") = 0},

and so
A(Gof)=aGof—f=0 on M.

Summing up, we have proved that

feCo(D\ M)
= Gof €DR) ={uecCo(D\M): Au e Co(D\ M), Lu=0},
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and further that

(al —WGaf=f, feC(D\M).
This proves that

(al —A)Go =1 on Cy(D\ M).

Therefore, in order to prove formula (9.43), it suffices to show the injec-
tivity of the operator al — 2 for a > 0.
Assume that, for a > 0,

u € D) and (ol —A)u = 0.
Then, by Corollary 9.7 it follows that the function u can be written as follows:
u= Hq (ulop), ulop € D =D (LH,).
Thus we have the formula
LH, (u|lpp) = Lu = 0.
In view of assertion (9.42), this implies that
ulpp = 0,

so that
u= Hy (ulpp) =0 in D.

This proves the injectivity of al — 2 for a > 0.
Step 5: Now we prove the following three assertions:

(i) The operator G, is non-negative on the space Co(D \ M):
feC(D\M),f>0 on D\M = Gof>0 onD\M. (9.47)

(ii) The operator G, is bounded on the space Cy(D \ M) with norm
1
|Goll < N for all > 0. (9.48)

(iii) The domain D(2A) is dense in the space Co(D \ M).

Step 5-1: In order to prove assertion (i), we have only to show the non-
negativity of the operator G,, on the space C(D):

felCD),f>0 onD = Gof>0 onD. (9.49)
Recall that the Dirichlet problem

(o —Au=f inD,
{u = on 0D (9-2)
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is uniquely solvable. Hence it follows that
GY f=H, (GYflop) + GLf on D. (9.50)

Indeed, the both sides satisfy the same equation (« — A)u = f in D and have
the same boundary values G f on dD.

Thus, by applying the boundary operator L to the both sides of formula
(9.50) we obtain that

LGY f=LH, (GY flop) + LGS f.

-1
Since the operators —LH, ~ and LGY are non-negative, it follows that

f>0 onD
=

(~pH. ") (LGN f) = =G flop + (~LHa ) (£GYf)
> —GY flop on OD.

Therefore, by the non-negativity of H, and G% we find from formulas (9.40)
and (9.50) that

Gof =GNf+H, (—LHa’1 (Lijf))
> GNf+ Hy (—GY flap)
=Gof
>0 onD.

This proves the desired assertion (9.49) and hence assertion (9.47).
Step 5-2: Next we prove assertion (ii). To do this, it suffices to show the
boundedness of the operator G, on the space C(D):

Go1<  on D, (9.51)

since G, is non-negative on the space C(D).
We remark (cf. formula (9.45)) that

LGN f = pu(2") LNGY f + (u(z') — 1) (GY flap)
= (u(2") = 1) (GY flob) ,

so that
Gaf = Ggf — Hq (LHa_l (LGéVf)>

= G + Ha (~LHa " ((u(e) = )G flon) ).
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Hence, by using this formula with f := 1 we obtain that
Gol =GN1 - H, (-LH(;l ((1- u(x’))ijuaD)) .

However, we have, by inequality (9.27),

0<ahN1< L on D,
«Q

and also )
H, (—LHQ_ ((1- ,u(:c’))G]aVHaD)) >0 onD,

since the operators H, and —LH(;1 are non-negative and since 1 — p(2’) > 0
on 0D.
Therefore, we obtain that

1
0<Ga1<GY1 < on D.
(0%

This proves the desired assertion (9.51) and hence assertion (9.48).
Step 5-3: Finally, we prove assertion (iii). In view of formula (9.43), it
suffices to show that

[aGof = fllo =0, f € Co(D\M)NC™(D), (9.52)

lim |
a——+00

since the space Co(D \ M) N C>(D) is dense in Cy(D \ M).
We remark that

aGof — f=aGNf— f—aH, (LHa_l (Lijf))
= (aGYf = 1) + Hao (LH. ™" (a1 = p(e")GX flop) ) - (9.53)

We estimate the last two terms of formula (9.53) as follows:
(1) By assertion (9.36), it follows that the first term of formula (9.53) tends
to zero as @ — +o0:
Jim aGIf = £l =0. (9.54)

(2) To estimate the second term of formula (9.53), we remark that

He (LH ™ (a1 = ()G flov)
= Ho (LH. ™ (1~ u(a') flon))
tH (L (0= e )@GY f~ Plon) ). (9.55)

However, it follows that the second term in the right-hand side of formula
(9.55) tends to zero as o — +o0. Indeed, we have, by assertion (9.54),
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[ (187 (0 = ) (0G2 7~ ) 100))

HOO

< |-z (0= @) (@GN = £) lon]|
< o 1= u) (0G5 = 1) oo
< kll laGN f — f||. — 0. (9.56)

Here we have used the following facts (cf. the proof of assertion (9.42)):

- 1
HfLHa ng L a>0.

k1 = min (=LH11)(2") < ko = min (~LH,1)(z') for all « > 1.
z’'€0D z’'€0D

Thus we are reduced to the study of the first term of the right-hand side of
formula (9.55)

Ho (LHa ™ (1= p(a)flop)) -

Now, for any given £ > 0, we can find a function h(z’) in C*°(9D) such
that

I(1 = u(@)) flop = hll <e.

Then we have, for all a > 1,

{h:O near M = {2’ € 0D : p(z2') = 0},

| Ho (£Ha ™ (0= n@))flon)) = Ho (LHa'B)|

-2 10 = @) flon — il
13

ko
9

< .
=k

IN

IN

(9.57)

Furthermore, we can find a function 6(x’) in C§°(9D) such that

{9(;3’) =1 near M,
(I=60(2"))h(a’") = h(z') on dD.

Then we have the assertion
h@') = (1 = 0(z")) h(z")
AT AN I

1-10
< . —LH1(z")).
<| | i cpae)

‘ oo
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Since the operator fLHa_1 is non-negative on the space C(9D), it follows
that

~1 1-0
_ < .
LH, 'h< H_LHal L Al on 8D,
so that
1 _1 1-06
i, (LHa h)H < H—LHQ hH < Nl . .
H < e [ (e

However, there exists a positive constant dg such that
1—0(2")

0= u(z’)

< §y for all 2’ € OD.

Thus it follows that
1—6(2") _ 1—06(2)
—LH, (') (') (= gn (Hal(2))) + (1 = p(a))
1—-0(x) 1
= < e > (= 2 (Ha1(a')))
1

<9
=0 ming cop (—aan (Hal(:c’))) ’

and hence from Lemma 9.16 that
1-06

rmal = (9.59)

’ oo

lim H
a——400

Summing up, we obtain from inequalities (9.57) and (9.58) and assertion
(9.59) that

lim sup ’Ha (LHO[_1 ((1- N(ﬁl))f‘aD)) Hoo

a——+00

< limsup HHQ (LHa_lh)H

a——+00

n ‘ H, (LH[1 ((1- u(xl))fbD)) — Ha (LHalh)HoJ

1—40 €
< i Bllse
—ailfoo’LHal Lo Illoe + 1.

g
< .
<

Since ¢ is arbitrary, this proves that the first term of the right-hand side of
formula (9.55) tends to zero as o — +o0:

(1= p@)flon) )|| _=0. (9.60)

lim HHQ (LHQ_I

a——+400
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By assertions (9.56) and (9.60), we obtain that the last term of formula (9.53)
also tends to zero:

lim HHa (LHQ’1 (a(1 — u(x’))G]aVﬂaD)) Hoo —0. (9.61)

a——400

Therefore, the desired assertion (9.52) follows by combining assertions
(9.54) and (9.61).

The proof of assertion (iii) is complete.

Step 6: Summing up, we have proved that the operator 2, defined by
formula (9.39), satisfies conditions (a) through (d) in Theorem 2.16. Hence,
in view of assertion (8.2), it follows from an application of part (ii) of the
same theorem that the operator 2 is the infinitesimal generator of some Feller
semigroup {T;}1>0 on D\ M.

The proof of Theorem 9.18 and hence that of Theorem 1.4 is now complete.
0

9.4 Proof of Part (ii) of Theorem 1.3

We apply Theorem 2.2 to the operator 2.

In the proof of Theorem 9.18, we have proved that the domain D(2) is
dense in the space Co(D \ M). Furthermore, part (i) of Theorem 1.3 verifies
condition (2.1). Therefore, it follows from an application of Theorem 2.2 that:

The semigroup T; can be extended to a semigroup 7%, which is analytic
in the sector A, ={z=1t+is:2#0, |argz| < /2 — e} for any
0<e<m/2

This (together with Theorem 1.4) proves part (i) of Theorem 1.3. 0O






10

Application to Semilinear Initial-Boundary
Value Problems

This chapter is devoted to the semigroup approach to a class of initial-
boundary value problems for semilinear parabolic differential equations. We
prove Theorem 1.5 by using the theory of fractional powers of analytic semi-
groups (Theorems 10.1 and 10.2). To do this, we verify that all the conditions
of Theorem 2.8 are satisfied. Our semigroup approach here can be traced back
to the pioneering work of Fujita—Kato [FK]. For detailed studies of semilinear
parabolic equations, the reader is referred to Friedman [Frl], Henry [He] and
also [Tad].

10.1 Local Existence and Uniqueness Theorems
Let D be a bounded domain of Euclidean space RY, with smooth boundary

0D; its closure D = D U JD is an N-dimensional, compact smooth manifold
with boundary. We let

N 92 Ny
A= 17 7
”Z:; a” () D0, + ; b'(z) oz, + c(x)

be a second-order, elliptic differential operator with real smooth coefficients
on D such that:

(1) a¥(x) = a?'(z) for allz € D and 1 <4,j < N.
(2) There exists a positive constant ag such that

N
3 a(@)i€; > aolél® for all (z,€) € D x RV,
Q=1

(3) ¢(x) <0on D.

K. Taira, Boundary Value Problems and Markov Processes, 161
Lecture Notes in Mathematics 1499, DOI 10.1007/978-3-642-01677-6 10,
(© Springer-Verlag Berlin Heidelberg 2009
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As an application of Theorem 1.2, we consider the following semilinear
initial-boundary value problem: Given functions f(z,t,u, ) and ug(z) defined
in Dx [0, T)xRxRY and in D, respectively, find a function u(z,t) in Dx[0,T)
such that

( )u x, ,u,gradu) in D x (0,7),
B e ey oo 0 (L1
u(,0) = uolz) in D.

Here:

(4) pe C*®(0D) and p(z') > 0 on 9D.

(5) v € C*(0D) and v(2') < 0 on 9D.

(6) n = (n1,n9,...,ny) is the unit interior normal to the boundary 9D (see
Figure 1.1).

Recall that the operator A, is a unbounded linear operator from L”(D)
into itself given by the following formulas:

(a) The domain of definition D(A4,) of A4, is the space

D(A,) = {u € H*?(D) = W*P(D) : Lu(z') = u(m’)gz +y(z")u = 0} .

(b) Apu = Au, u € D(4,).

By using the operator A,, we can formulate problem (1.7) in terms of the
abstract Cauchy problem in the Banach space LP(D) as follows:

(1.8)

{ @ = Apu(t) + F (tu(t)), 0<t<T,
ult=0 = up.

Here u(t) = u(-,t) and F (¢t,u(t)) = f (-, t,u(t), grad u(t)) are functions defined
on the interval [0,T"), taking values in the space LP(D).
First, we consider the case N < p < oc:

Theorem 10.1. Let N < p < oo, and assume that conditions (A) and (B)
are satisfied:

(A) p(z') >0 on OD.
(B)v(2') <0 on M ={z"€D:pu(z')=0}.

If the nonlinear term f(x,t,u,§) is a locally Lipschitz continuous function
with respect to all its variables (z,t,u, &) € Dx[0, T)x RxRYN with the possible
exception of the x variables, then, for every function ug of D(Ay), problem

(1.8) has a unique local solution u € C ([0,T1]; LP(D)) N C* ((0,T1); LP(D))
where Th = T1(p, up) is a positive constant.
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Here C ([0, T]; L?(D)) denotes the space of continuous functions on the closed
interval [0,7] taking values in LP(D), and C' ((0,T); LP(D)) denotes the
space of continuously differentiable functions on the open interval (0, T') taking
values in LP(D), respectively.

In the case 1 < p < N, the domain D(A,) is large compared with the case
N < p < oo. Hence we must impose some growth conditions on the nonlinear
term f(z,t,u,&):

Theorem 10.2. Let N/2 < p < N, and assume that conditions (A) and (B)
are satisfied. Furthermore, we assume that there exist a non-negative contin-
wous function p(t,r) on R x R and a constant 1 <~v < N/(N — p) such that
the following four conditions are satisfied:

(@) (0.1, 91 < o DL+ €T
() [£(w,t,1u,€) = f(a,5,u,€)] < plts ul) (1+[€P) [t = .
(0)1£(0.t0.8) — st w )] < pltsful) (L+ €7 + ) € =l
(@) 1 @, €) = F(.t,0,€)] < pltsful + o)) (1 + €] fu = o].

Then, for every function uy of D(Ap), problem (1.8) has a unique local
solution u € C ([0, Tx]; LP(D)) N C ((0,Tz); LP(D)) where Ty = Ta(p,up) is

a positive constant.

Theorems 10.1 and 10.2 prove Theorem 1.5, and are a generalization of
Pazy [Pa, Section 8.4, Theorems 4.4 and 4.5] to the degenerate case.

10.2 Fractional Powers and Imbedding Theorems

First, we study the imbedding properties of the domains of the fractional
powers (—A,)* (0 < a < 1) into Sobolev spaces of L” type. By virtue of
Theorem 2.8, this allows us to solve, by successive approximations, problem
(1.8), proving Theorems 10.1 and 10.2.

By Theorem 7.1, we may assume that the operator A, satisfies condition
(2.21) in Subsection 2.1.2 (see Figure 7.1):

(1) The resolvent set of A, contains the region ¥ as in Figure 10.1:
(2) There exists a positive constant M such that the resolvent (A, — )~}
satisfies the estimate

I, =20 < YW) for all A € % (10.1)

[

By using estimate (10.1), we can define the fractional powers (—A,)* for

0 < o < 1 on the space LP(D) as follows (cf. formula (2.23)):

(—4y)~o = =T / s(A, — sI)~ L ds,
0

™
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Fig. 10.1.

and
(—A,)% = the inverse of (—A4,)"*.

We recall that (—A,)® is a closed operator with domain D ((—A4,)*) D D(A4,).
In this section we study the imbedding characteristics of D((—A,)®), which
will make these spaces so useful in the study of semilinear parabolic differential

equations.
We let

X = the space D ((—A4,)%) endowed with the graph norm
| la of (—Ap)™.

Here
2 a, 12 1/2 @
lullo = (JullZ + 1(=4p)ul2) *, weD((~4,)).
Then we have the following three assertions:
(1) The space X, is a Banach space.
(2) The graph norm [|u[|q is equivalent to the norm |[(—A,)ul,.
(3) If 0 < o < B < 1, then we have X3 C X, with continuous injection.

Furthermore, since the domain D(A,) is contained in W#?(D), we can

obtain the following imbedding properties of the spaces X, into Sobolev spaces
(cf. [He, Theorem 1.6.1]):

Theorem 10.3. Let 1 < p < oo. Then we have the following continuous
injections:
(i) Xa CWH(D) if j<a<l, =20t <l<  1<p<N.

(i) Xo CCY(D) if N <a<l,0<v<2a—% p#N.
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10.3 Proof of Theorems 10.1 and 10.2

This section is devoted to the proof of our local existence and uniqueness
theorems for problem (1.8) (Theorems 10.1 and 10.2). To do this, we verify
that all the conditions of Theorem 2.8 are satisfied.

10.3.1 Proof of Theorem 10.1

We verify that all the conditions of Theorem 2.8 are satisfied; then
Theorem 10.1 follows from an application of the same theorem.
Since p > N, we can choose a positive constant a such that

1 /N
< +1><a<1,
2\p
so that

1 <2a—

Then, by part (ii) of Theorem 10.3 with v := 1, we have
X, cCYD) and X, cC Wh"?(D), (10.2)
with continuous injections. Thus we find that the function
F(t,u) = f(z,t,u(z), grad u(x))

is well defined on [0,7] x X,. Furthermore, since the function f(z,t,u,¢) is
locally Lipschitz continuous, in view of assertion (10.2) it follows that we have,
for all ¢, s € [0, o] and for all u, v € X, with [|[u — uglla < R, ||[v — up|la < R

1E(tu) = F(s,0)|lp < [|F (8 w) = (8 0)[lp + 1 F(t,v) = F(s,0)lp

N
§C<Mvm+§: +tﬂ>
i=1 p

< O(llu=vllp + 1t —s))
< CC (Jlu—vlla+ ]t —s]). (10.3)

0
oz, (u—v)

Here C = C(to, R) is a (local) Lipschitz positive constant for the function f,
and C’ is an imbedding (positive) constant for the imbedding: X, C W?(D).
By inequality (10.3), we obtain that the function F'(¢,u) is locally Lipschitz
continuous in ¢ and wu.
The proof of Theorem 10.1 is complete. O
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10.3.2 Proof of Theorem 10.2

The proof is similar to that of Theorem 10.1; we verify that all the conditions
of Theorem 2.8 are satisfied.

Since N/2 < p < N and 1 <y < N/(N — p), we can choose a positive
constant a such that

N 1 N [(y-1
max ( o+ <7 )> <a<l, (10.4)
2p° 2 2p ¥

so that
N 1 2a-1 1 1
0<2a— and — < < .
p P N Py p
Then, by Theorem 10.3 with v := 0 and ¢ := pvy, we have
X, C L®(D) and X, C WhPY(D), (10.5)

with continuous injections.

We let
F(t,u) := f(z,t,u(z), gradu(z)), te€]0,T], ue X,.
Then we have, by condition (a),
IF(t,w)lh < 277 p(t, HuHoo)p/ (1+ |grad u[”)dx

< 2770 p(t, [lufloo)” (ID] + [lu

:P"/)

where | D| denotes the volume of the domain D. By assertion (10.5), it follows
that the function F(¢,u) is well defined on [0,7] x X, for all « satisfying
condition (10.4).

Step 1: First, we verify the local Lipschitz continuity of F'(¢,u) with re-
spect to the variable t.

By condition (b), it follows that

1E(t,u) = F(s, u)l
/ |f(x,t,u(x), gradu(z)) — f(x, s, u(z), grad u(x))|Pdx
<27 (el = 5P [ (14 gradul)ds
< 2771 p(t, [lulloo)” (ID] + [lull7,,) It = 5P
In view of assertion (10.5), this proves that
1E(t,u) = F(s,u)llp < Cr([Julla) [t = s, (10.6)

where C4(JJul|o) is a positive constant depending on the norm ||u|q.
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Step 2: Secondly, we verify the local Lipschitz continuity of F(¢,u) with
respect to the variable .
To do this, we remark that

| (t,u) — F(t, 0|7
_ /D \f (2, t, u(x), grad u(z)) — f(z,t,v(z), grad v(z))Pdz
< 2P_1/D\f(x,t,u(x),gradu(x))—f(fﬂ’t,u(x)»gmdv(wmpdx
Lop-1 /D | (2, t,u(x), grad (@) — f(a,t,0(x), grad v(a))|Pde.  (10.7)

We estimate the two terms on the right-hand side of inequality (10.7):
Step 2-1: By condition (c), it follows that

[ 176t uta) radu(e) - fla o), grad v(e) P da
<37 1p(t, [lulloo)?
></ (1+|gradu\P<H>+|gradv|p<%1>) lgrad (u — v)|P dz. (10.8)
D

However, by Holder’s inequality it follows that

(v=1)/~ 1/
/ lgrad (u — v)|P dz < </ 1d33> (/ lgrad (u — v)p"’dsc)
D D D

< |D|(’Y_1)/’YHU_U||11),p'y7 (10.9)

=1/~
/ lgrad u|PO~V|grad (u — v)[P dz < (/ gradup"’)
D D

1/~
X (/ lgrad (u — v)p"’dsc)
D

1
< Julloy Pl = vl . (10.10)
/D lgrad v~ |grad (u — v)[Pdz < [|o] 77 lu — vl .. (10.11)

Thus, by carrying these three inequalities (10.9), (10.10) and (10.11) into
inequality (10.8) we obtain that

/D |f(z,t,u(z), gradu(x)) — f(z,t,u(z), grad v(z))|P dx

— — —1 1)
< 37 p(t, Julloo)?” (1DI1O727 4 lulf 550 + o] 255)

x[lu—|f - (10.12)
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Step 2-2: By condition (d), it follows that

/ |f(x,t,u(x), gradv(x)) — f(x, t,v(x), gradv(x))|P dx
< 2P p(t, |uflo + [[0]00 ) /D (1 + |grad v[P?) |u — v[Pdz

< 277 p(t, [Jullos + [[vlloc) IIU*UII’O’O/ (1 + [grad v[7) dx
< 277 p(t, [Julloe + [vlloe)” (I1D] + 10117, 1w — vllE. (10.13)

Therefore, by combining inequalities (10.7), (10.12) and (10.13) we obtain
that

HF(tau> —F(t,’l)>H§
— — -1 1)
< 6" p(t, lulloe)” (IDI2/ 4l P50 + 0l25 V) =i,
+47 L p(t, [ullos + [[0]loo)? (1D] + [0, s = v] 2

In view of assertion (10.5), this proves that
(8 u) = (@ 0)[p < Co[lullas [[v]la) [u = vla; (10.14)

where Cs(||ulla, |v]|a) is a positive constant depending on the norms |jul|q
and ||v||q.

Summing up, we find from inequalities (10.6) and (10.14) that the function
F(t,u) is locally Lipschitz continuous in ¢ and u.

The proof of Theorem 10.2 is now complete. O
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Concluding Remarks

This book is devoted to a careful and accessible exposition of the functional
analytic approach to the problem of construction of Markov processes with
Ventcel” boundary conditions in probability theory. More precisely, we prove
that there exists a Feller semigroup corresponding to such a diffusion phe-
nomenon that a Markovian particle moves continuously in the state space
D\ M until it “dies” at the time when it reaches the set M where the particle
is definitely absorbed (see Figure 11.1). Our approach here is distinguished
by the extensive use of the ideas and techniques characteristic of the recent
developments in the theory of pseudo-differential operators which may be
considered as a modern theory of the classical potential theory.

More generally, it is known (see [BCP], [SU], [Ta2], [We]) that the infinites-
imal generator 20 of a Feller semigroup {T;};>0 is described analytically by
a Waldenfels operator W and a Ventcel’ boundary condition L, which we
formulate precisely.

Let W be a second-order, elliptic integro-differential operator with real
coeflicients such that

Wu(z) = Au(z) + Sru(x)

N

= Z a’(x) az;x] (z) + Z b (x) gzz () + c(z)u(z)
+/Ds(x,y) u(y) — u(z Z 8:c]( z)| dy.

j=1
Here:

(1) a¥ € C*(D), a¥(x) = a’*(x) for all z € D and 1 < 4,5 < N, and there
exists a positive constant ag such that

N
> a¥ (@))€ > aol¢? for all (z,€) € 2 x RN,
1,j=1
K. Taira, Boundary Value Problems and Markov Processes, 169
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0D

M = {n =0}

Fig. 11.1.

(2) ¥ € C®(D) forall1 < i < N.

(3) c € C*>®(D) and ¢(x) <0 in D.

(4) The integral kernel s(z,y) is the distribution kernel of a properly sup-
ported, pseudo-differential operator S € Li_o"(RN), k > 0, which has the
transmission property with respect to 9D (see [Bt]), and s(x,y) > 0 off the
diagonal {(z,7) : € RV} in RY x RY. The measure dy is the Lebesgue
measure on RV,

The operator W is called a second-order, Waldenfels operator (cf. [Wa]).
The differential operator A is called a diffusion operator which describes an-
alytically a strong Markov process with continuous paths (diffusion process)
in the interior D. The operator S, is called a second-order Lévy operator
which is supposed to correspond to the jump phenomenon in the interior D.
More precisely, a Markovian particle moves by jumps to a random point, cho-
sen with kernel s(z,y), in the interior D. Therefore, the Waldenfels operator
W = A+ S, is supposed to correspond to such a diffusion phenomenon that a
Markovian particle moves both by jumps and continuously in the state space
D (see Figure 11.2).

Fig. 11.2.
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Let L be a second-order boundary condition such that, in local coordinates
(xlax27 cee 7IN71)7

Lufa') = Qula’) + pla') o (a') — 5" YWule!) + Tula)

- Z axﬁ% +zm )+ (e yua)

) 0 () — o W
roo Nl 7N_1 T Ou 2! /
| [ |t = ) 3 5= 3) gy, (00|

Here:

(1) The operator @ is a second-order, degenerate elliptic differential operator
on the boundary 0D with non-positive principal symbol. In other words,
the o are the components of a smooth symmetric contravariant tensor
of type (g) on JD satisfying the condition

N—
Z 2)€i&; >0 forall o’ € OD and ¢ = Y2 &;dx; € T5(0D).

Here T7,(0D) is the cotangent space of 0D at a’.
Ql=~¢€ C>®(0D) and vy(«') <0 on dD.

w € C®(dD) and p(z') > 0 on dD.

60 € C*(0D) and 6(z’) > 0 on 9D.
= (n1,n2,...,ny) is the unit interior normal to the boundary 9D.

The integral kernel r(z’,y’) is the distribution kernel of a pseudo-differen-

tial operator R € Lio'“ (8D), k1 > 0, and r(z’,y") > 0 off the diagonal

App = {(¢/,2') : '/ € 9D} in ID x 0D. The density dy’ is a strictly

positive density on dD.

(7) The integral kernel ¢(x,y) is the distribution kernel of a properly sup-
ported, pseudo-differential operator T' € L2 "2(R™), kg > 0, which has
the transmission property with respect to the boundary 0D (see [Bt]), and
t(x,y) > 0 off the diagonal {(z,z): 2 € RV} in RV x RV,

(2) Q
(3)
(4)
(5) n
(6)

The boundary condition L is called a second-order Ventcel’ boundary con-
dition (cf. [We]). The six terms of L

N-1

i (! &u ! — i /8u
> ) gy g, @)+ 2 )

ij=1
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1 yula), <>§fl< ). s

S~—"
=
E\

N-1

| o) |utw) =) @)

|t |at)

are supposed to correspond to the diffusion along the boundary, the absorption
phenomenon, the reflection phenomenon, the sticking (viscosity) phenomenon
and the jump phenomenon on the boundary and the inward jump phenomenon
from the boundary, respectively (see Figures 11.3 through 11.5).

N—-1

!
ax]( x')| dy

j:1

D D
oD oD
absorption reflection
Fig. 11.3.
D D
oD oD
diffusion along the boundary sticking (viscosity)
Fig. 11.4.

Finally, we give an overview for general results on generation theorems for
Feller semigroups proved mainly by the author using the theory of pseudo-
differential operators ([Hol], [Sel], [Se2]) and the theory of singular integral
operators ([CZ]):



jump into the interior

diffusion
operator
A

smooth
case

smooth
case

smooth
case

discon-
tinuous
case

discon-
tinuous
case

Lévy
operator
Sy

null

general
case

Holder
continuous
case

general
case

null
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jump on the boundary

Fig. 11.5.

Ventcel’
condition

L

second-order
case

general
case

degenerate
case

Dirichlet
case

first-order
case

using
the theory
of

pseudo-
differential
operators

pseudo-
differential
operators

pseudo-
differential
operators

singular
integral
operators

singular
integral
operators

proved
by

[Ta2]

[Ta3]

[Ta5]

[Tab)

[Ta7]
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It should be emphasized that the Calderén—Zygmund theory of singular in-
tegral operators with non-smooth kernels provides a powerful tool to deal with
smoothness of solutions of elliptic boundary value problems, with minimal as-
sumptions of regularity on the coefficients. The theory of singular integrals
continues to be one of the most influential works in modern history of analysis,
and is a very refined mathematical tool whose full power is yet to be exploited
(see [St2]).



A

The Maximum Principle

In this appendix, we formulate various maximum principles for second-
order, elliptic differential operators such as the weak maximum principle
(Theorem A.1) and the Hopf boundary point lemma (Lemma A.3) which
play an important role in Chapter 9.

Let D be a bounded domain of Euclidean space RY, with boundary 9D,
and let A be a second-order, elliptic differential operator with real coefficients
such that

N o2 N
A= Z a’ (x 856 . Z c(x).
i,j=1 ) =1 Li

Here:

(1) a¥ € C(D) and a¥(z) = a’*(z) for all z € D, 1 < i,5 < N, and there
exists a positive constant ag such that

N

> a¥(@)&g = aofgl? forall (,€) € D x RY.

1,j=1

(2) e C(D) foralll < i < N.
(3) ce C(D) and ¢(z) <0 in D.

First, we have the following weak maximum principle:

Theorem A.1 (the weak maximum principle). Assume that a function
u € C(D) N C?(D) satisfies either the condition

Au(z) >0 and c(x) <0 in D

or the condition
Au(z) >0 and c(z) <0 in D.

Then the function u(x) may take its positive maximum only on the boundary
oD.

175
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As an application of the weak maximum principle, we can obtain a point-
wise estimate for solutions of the inhomogeneous equation Au = f in D:

Theorem A.2. Assume that
c(x) <0 onD=DUID.
Then we have, for all w € C(D) N C?*(D),

maxu(x)smax{< ! )Sup |Au(z)|, max u(x')|}.

weD min, ., (—c(x)) ) zeD @'€dD

Now we assume that D is a domain of class C2, that is, each point of the
boundary D has a neighborhood in which 8D is the graph of a C? function
of N — 1 of the variables x1, a2, ..., xy (see Figure A.1).

TN

D ={rn = ((2")}

T = (1‘1-, cee 7IN71)

Fig. A.1.

We consider a function u € C'(D) N C?(D) which satisfies the condition
Au(z) >0 in D,

and study the interior normal derivative (Ou)/(0n) at a boundary point where
the function u(x) takes its non-negative maximum (see Figure A.2).
The Hopf boundary point lemma reads as follows:

Lemma A.3 (the Hopf boundary point lemma). Let D be a domain of
class C?. Assume that a function u € C(D) N C%(D) satisfies the condition

Au(z) >0 in D,
and that there exists a point x; € 0D such that
u(zy) = maxu(z) > 0,

zeD
w(x) < u(zg) for all x € D.
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oD

Fig. A.2.

Then the interior normal derivative 3" (x4) at zf), if it exists, satisfies the

condition (see Figure A.3)
ou , ,

zy) < 0.
an( 0)
oD
D n
g
Fig. A.3.

For a proof of Theorems A.1, A.2 and Lemma A.3 and a general study
of maximum principles, the reader might refer to [PW, Chapter 2] and [Ta2,
Chapter 7] (see also [Tab, Appendix C]).
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Agmon’s method, 95, 96, 101

algebra of pseudo-differential operators,
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analytic semigroup, 4-6, 13, 17, 111,
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associated semigroup, 43

asymptotic expansion, 64

Besov space, 4, 61, 79, 85

Besov space boundedness theorem, 11,
73, 74

Bessel function, 58

Bessel potential, 58, 59, 61, 68

bijective, 104, 107, 141, 151

Borel measurable, 30, 31

Borel set, 28, 29, 31

boundary condition, 2, 80, 138

boundary point lemma, 136, 142, 176

boundary value problem, 2, 80

boundary value problem with spectral
parameter, 87

bounded continuous function, 37

bounded operator, 127, 128, 134

Brownian motion, 28, 33, 46

Brownian motion with absorbing
barrier, 47

Brownian motion with constant drift,
33, 46

Brownian motion with reflecting barrier,
34, 46

Brownian motion with sticking barrier,
34, 46

Brownian motion with sticky barrier, 47

Co-function, 38

Co-property, 38

Calderén—Zygmund operator, 68

Cauchy density, 34

Cauchy problem, 9, 162

Cauchy process, 34, 46

Cauchy’s theorem, 15, 19, 21, 22, 24

Chapman—Kolmogorov equation, 31

classical elliptic pseudo-differential
operator, 78

classical pseudo-differential operator,
71,74, 79, 82, 89, 98, 102, 103, 108

classical symbol, 64

closable, 48

closed extension, 132, 135

closed graph theorem, 104

closed operator, 83, 96, 102, 103, 108

closed range theorem, 107, 110

codimension, 102, 103

coercive, 2

commutator, 120

compact, 45, 53

compact operator, 62, 104-107

compactification, 113

complete symbol, 70-72

completely continuous operator, 62
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complex parameter, 2, 88, 97

composition of pseudo-differential
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continuous path, 35, 36

contractive, 6, 43

cotangent bundle, 73, 77, 88

cotangent space, 171

cotangent vector, 75

degenerate, 4

degenerate elliptic differential operator,
171

degenerate problem, 3

densely defined, 13, 83, 102, 103, 108

density, 55, 78, 171

diagonal, 69, 73, 170, 171

diffusion along the boundary, 172

diffusion coefficient, 126

diffusion operator, 170

diffusion process, 33, 39

Dini’s theorem, 146, 147

Dirac measure, 58, 59

Dirichlet condition, 2, 150

Dirichlet problem, 11, 77, 79, 89, 97,
126

distribution, 6, 132

distribution kernel, 68, 170, 171

domain of class C?, 176

dominated convergence theorem, 22

double, 55, 77, 87

drift, 33, 46

drift coefficient, 126

dual space, 57, 59, 61
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existence theorem for the Neumann
problem, 79

Feller function, 38

Feller property, 38

Feller semigroup, 7, 27, 39, 43

Feller semigroup with reflecting barrier,
140

formulation of a boundary value
problem, 80

Fourier integral distribution, 66

Fourier integral operator, 62, 67

Fourier transform, 57, 58

fractional power, 24, 26, 163

Fredholm integral equation, 11, 82

Fredholm operator, 102, 103

Friedrichs mollifier, 128, 133

Fubini’s theorem, 15

function rapidly decreasing at infinity,
57

function space, 55

Gagliardo—Nirenberg inequality, 115,
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general existence theorem for Feller
semigroups, 125

generation of analytic semigroups, 13

generation of Feller semigroups, 44

global regularity theorem for the
Dirichlet problem, 126

graph norm, 26, 164

Green operator, 10, 44, 80, 127, 140,
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harmonic operator, 127, 141

Hille-Yosida—Ray theorem, 48

Hille-Yosida theorem, 44

Hélder continuous, 27

Hoélder space, 126

Holder’s inequality, 167
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74

Hopf’s boundary point lemma, 176

hypoelliptic, 75, 108, 109

imbedding theorem, 163

index, 102
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initial-boundary value problem, 161

injective, 102

injectivity, 143, 154
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problem, 79

Ventcel” boundary condition, 126, 171
volume potential, 78

Waldenfels operator, 170

weak maximum principle, 127, 135, 146,
175

weak topology of measures, 38

Wiener measure, 28

Yosida approximation, 45



Lecture Notes in Mathematics

For information about earlier volumes

please contact your bookseller or Springer

LNM Online archive: springerlink.com

Vol. 1797: B. Schmidt, Characters and Cyclotomic Fields
in Finite Geometry (2002)

Vol. 1798: W.M. Oliva, Geometric Mechanics (2002)
Vol. 1799: H. Pajot, Analytic Capacity, Rectifiability,
Menger Curvature and the Cauchy Integral (2002)

Vol. 1800: O. Gabber, L. Ramero, Almost Ring Theory
(2003)

Vol. 1801: J. Azéma, M. Emery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXX VI (2003)

Vol. 1802: V. Capasso, E. Merzbach, B. G. Ivanoff,
M. Dozzi, R. Dalang, T. Mountford, Topics in Spatial
Stochastic Processes. Martina Franca, Italy 2001. Editor:
E. Merzbach (2003)

Vol. 1803: G. Dolzmann, Variational Methods for Crys-
talline Microstructure — Analysis and Computation
(2003)

Vol. 1804: 1. Cherednik, Ya. Markov, R. Howe, G.
Lusztig, Iwahori-Hecke Algebras and their Representa-
tion Theory. Martina Franca, Italy 1999. Editors: V. Bal-
doni, D. Barbasch (2003)

Vol. 1805: F. Cao, Geometric Curve Evolution and Image
Processing (2003)

Vol. 1806: H. Broer, I. Hoveijn. G. Lunther, G. Vegter,
Bifurcations in Hamiltonian Systems. Computing Singu-
larities by Grobner Bases (2003)

Vol. 1807: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2000-
2002 (2003)

Vol. 1808: W. Schindler, Measures with Symmetry Prop-
erties (2003)

Vol. 1809: O. Steinbach, Stability Estimates for Hybrid
Coupled Domain Decomposition Methods (2003)

Vol. 1810: J. Wengenroth, Derived Functors in Functional
Analysis (2003)

Vol. 1811: J. Stevens, Deformations of Singularities
(2003)

Vol. 1812: L. Ambrosio, K. Deckelnick, G. Dziuk,
M. Mimura, V. A. Solonnikov, H. M. Soner, Mathemat-
ical Aspects of Evolving Interfaces. Madeira, Funchal,
Portugal 2000. Editors: P. Colli, J. F. Rodrigues (2003)
Vol. 1813: L. Ambrosio, L. A. Caffarelli, Y. Brenier,
G. Buttazzo, C. Villani, Optimal Transportation and its
Applications. Martina Franca, Italy 2001. Editors: L. A.
Caffarelli, S. Salsa (2003)

Vol. 1814: P. Bank, F. Baudoin, H. Follmer, L.C.G.
Rogers, M. Soner, N. Touzi, Paris-Princeton Lectures on
Mathematical Finance 2002 (2003)

Vol. 1815: A. M. Vershik (Ed.), Asymptotic Combi-
natorics with Applications to Mathematical Physics.
St. Petersburg, Russia 2001 (2003)

Vol. 1816: S. Albeverio, W. Schachermayer, M. Tala-
grand, Lectures on Probability Theory and Statistics.
Ecole d’Eté de Probabilités de Saint-Flour XXX-2000.
Editor: P. Bernard (2003)

Vol. 1817: E. Koelink, W. Van Assche (Eds.), Orthogonal
Polynomials and Special Functions. Leuven 2002 (2003)
Vol. 1818: M. Bildhauer, Convex Variational Problems
with Linear, nearly Linear and/or Anisotropic Growth
Conditions (2003)

Vol. 1819: D. Masser, Yu. V. Nesterenko, H. P. Schlick-
ewei, W. M. Schmidt, M. Waldschmidt, Diophantine
Approximation. Cetraro, Italy 2000. Editors: F. Amoroso,
U. Zannier (2003)

Vol. 1820: F. Hiai, H. Kosaki, Means of Hilbert Space
Operators (2003)

Vol. 1821: S. Teufel, Adiabatic Perturbation Theory in
Quantum Dynamics (2003)

Vol. 1822: S.-N. Chow, R. Conti, R. Johnson, J. Mallet-
Paret, R. Nussbaum, Dynamical Systems. Cetraro, Italy
2000. Editors: J. W. Macki, P. Zecca (2003)

Vol. 1823: A. M. Anile, W. Allegretto, C. Ringhofer,
Mathematical Problems in Semiconductor Physics.
Cetraro, Italy 1998. Editor: A. M. Anile (2003)

Vol. 1824: J. A. Navarro Gonzdlez, J. B. Sancho de Salas,
%™ — Differentiable Spaces (2003)

Vol. 1825: J. H. Bramble, A. Cohen, W. Dahmen, Mul-
tiscale Problems and Methods in Numerical Simulations,
Martina Franca, Italy 2001. Editor: C. Canuto (2003)
Vol. 1826: K. Dohmen, Improved Bonferroni Inequal-
ities via Abstract Tubes. Inequalities and Identities of
Inclusion-Exclusion Type. VIII, 113 p, 2003.

Vol. 1827: K. M. Pilgrim, Combinations of Complex
Dynamical Systems. IX, 118 p, 2003.

Vol. 1828: D. J. Green, Grobner Bases and the Computa-
tion of Group Cohomology. XII, 138 p, 2003.

Vol. 1829: E. Altman, B. Gaujal, A. Hordijk, Discrete-
Event Control of Stochastic Networks: Multimodularity
and Regularity. XIV, 313 p, 2003.

Vol. 1830: M. I. Gil’, Operator Functions and Localiza-
tion of Spectra. XIV, 256 p, 2003.

Vol. 1831: A. Connes, J. Cuntz, E. Guentner, N. Hig-
son, J. E. Kaminker, Noncommutative Geometry, Mar-
tina Franca, Italy 2002. Editors: S. Doplicher, L. Longo
(2004)

Vol. 1832: J. Azéma, M. Emery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVII (2003)

Vol. 1833: D.-Q. Jiang, M. Qian, M.-P. Qian, Mathemati-
cal Theory of Nonequilibrium Steady States. On the Fron-
tier of Probability and Dynamical Systems. IX, 280 p,
2004.

Vol. 1834: Yo. Yomdin, G. Comte, Tame Geometry with
Application in Smooth Analysis. VIIL, 186 p, 2004.

Vol. 1835: O.T. Izhboldin, B. Kahn, N.A. Karpenko,
A. Vishik, Geometric Methods in the Algebraic Theory
of Quadratic Forms. Summer School, Lens, 2000. Editor:
J.-P. Tignol (2004)

Vol. 1836: C. Nastasescu, F. Van Oystaeyen, Methods of
Graded Rings. XIII, 304 p, 2004.



Vol. 1837: S. Tavaré, O. Zeitouni, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXI-2001. Editor: J. Picard (2004)

Vol. 1838: A.J. Ganesh, N.W. O’Connell, D.J. Wischik,
Big Queues. XII, 254 p, 2004.

Vol. 1839: R. Gohm, Noncommutative Stationary Pro-
cesses. VIII, 170 p, 2004.

Vol. 1840: B. Tsirelson, W. Werner, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXII-2002. Editor: J. Picard (2004)

Vol. 1841: W. Reichel, Uniqueness Theorems for Vari-
ational Problems by the Method of Transformation
Groups (2004)

Vol. 1842: T. Johnsen, A. L. Knutsen, K3 Projective Mod-
els in Scrolls (2004)

Vol. 1843: B. Jefferies, Spectral Properties of Noncom-
muting Operators (2004)

Vol. 1844: K.F. Siburg, The Principle of Least Action in
Geometry and Dynamics (2004)

Vol. 1845: Min Ho Lee, Mixed Automorphic Forms,
Torus Bundles, and Jacobi Forms (2004)

Vol. 1846: H. Ammari, H. Kang, Reconstruction of Small
Inhomogeneities from Boundary Measurements (2004)
Vol. 1847: T.R. Bielecki, T. Bjork, M. Jeanblanc, M.
Rutkowski, J.A. Scheinkman, W. Xiong, Paris-Princeton
Lectures on Mathematical Finance 2003 (2004)

Vol. 1848: M. Abate, J. E. Fornaess, X. Huang, J. P.
Rosay, A. Tumanov, Real Methods in Complex and CR
Geometry, Martina Franca, Italy 2002. Editors: D. Zait-
sev, G. Zampieri (2004)

Vol. 1849: Martin L. Brown, Heegner Modules and Ellip-
tic Curves (2004)

Vol. 1850: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2002-
2003 (2004)

Vol. 1851: O. Catoni, Statistical Learning Theory and
Stochastic Optimization (2004)

Vol. 1852: A.S. Kechris, B.D. Miller, Topics in Orbit
Equivalence (2004)

Vol. 1853: Ch. Favre, M. Jonsson, The Valuative Tree
(2004)

Vol. 1854: O. Saeki, Topology of Singular Fibers of Dif-
ferential Maps (2004)

Vol. 1855: G. Da Prato, P.C. Kunstmann, I. Lasiecka,
A. Lunardi, R. Schnaubelt, L. Weis, Functional Analytic
Methods for Evolution Equations. Editors: M. Iannelli,
R. Nagel, S. Piazzera (2004)

Vol. 1856: K. Back, T.R. Bielecki, C. Hipp, S. Peng,
'W. Schachermayer, Stochastic Methods in Finance, Bres-
sanone/Brixen, Italy, 2003. Editors: M. Fritelli, W. Rung-
galdier (2004)

Vol. 1857: M. Emery, M. Ledoux, M. Yor (Eds.), Sémi-
naire de Probabilités XXXVIII (2005)

Vol. 1858: A.S. Cherny, H.-J. Engelbert, Singular
Stochastic Differential Equations (2005)

Vol. 1859: E. Letellier, Fourier Transforms of Invariant
Functions on Finite Reductive Lie Algebras (2005)

Vol. 1860: A. Borisyuk, G.B. Ermentrout, A. Friedman,
D. Terman, Tutorials in Mathematical Biosciences I.
Mathematical Neurosciences (2005)

Vol. 1861: G. Benettin, J. Henrard, S. Kuksin, Hamilto-
nian Dynamics — Theory and Applications, Cetraro, Italy,
1999. Editor: A. Giorgilli (2005)

Vol. 1862: B. Helffer, F. Nier, Hypoelliptic Estimates and
Spectral Theory for Fokker-Planck Operators and Witten
Laplacians (2005)

Vol. 1863: H. Fiihr, Abstract Harmonic Analysis of Con-
tinuous Wavelet Transforms (2005)

Vol. 1864: K. Efstathiou, Metamorphoses of Hamiltonian
Systems with Symmetries (2005)

Vol. 1865: D. Applebaum, B.V. R. Bhat, J. Kustermans,
J. M. Lindsay, Quantum Independent Increment Pro-
cesses 1. From Classical Probability to Quantum Stochas-
tic Calculus. Editors: M. Schiirmann, U. Franz (2005)
Vol. 1866: O.E. Barndorff-Nielsen, U. Franz, R. Gohm,
B. Kiimmerer, S. Thorbjgnsen, Quantum Independent
Increment Processes II. Structure of Quantum Lévy
Processes, Classical Probability, and Physics. Editors: M.
Schiirmann, U. Franz, (2005)

Vol. 1867: J. Sneyd (Ed.), Tutorials in Mathematical Bio-
sciences II. Mathematical Modeling of Calcium Dynam-
ics and Signal Transduction. (2005)

Vol. 1868: J. Jorgenson, S. Lang, Pos,(R) and Eisenstein
Series. (2005)

Vol. 1869: A. Dembo, T. Funaki, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXIII-2003. Editor: J. Picard (2005)

Vol. 1870: V.I. Gurariy, W. Lusky, Geometry of Miintz
Spaces and Related Questions. (2005)

Vol. 1871: P. Constantin, G. Gallavotti, A.V. Kazhikhov,
Y. Meyer, S. Ukai, Mathematical Foundation of Turbu-
lent Viscous Flows, Martina Franca, Italy, 2003. Editors:
M. Cannone, T. Miyakawa (2006)

Vol. 1872: A. Friedman (Ed.), Tutorials in Mathemati-
cal Biosciences III. Cell Cycle, Proliferation, and Cancer
(2006)

Vol. 1873: R. Mansuy, M. Yor, Random Times and En-
largements of Filtrations in a Brownian Setting (2006)
Vol. 1874: M. Yor, M. Emery (Eds.), In Memoriam Paul-
André Meyer - Séminaire de Probabilités XXXIX (2006)
Vol. 1875: J. Pitman, Combinatorial Stochastic Processes.
Ecole d’Eté de Probabilités de Saint-Flour XXXII-2002.
Editor: J. Picard (2006)

Vol. 1876: H. Herrlich, Axiom of Choice (2006)

Vol. 1877: J. Steuding, Value Distributions of L-Functions
(2007)

Vol. 1878: R. Cerf, The Wulff Crystal in Ising and Percol-
ation Models, Ecole d’Eté de Probabilités de Saint-Flour
XXXIV-2004. Editor: Jean Picard (2006)

Vol. 1879: G. Slade, The Lace Expansion and its Applica-
tions, Ecole d’Eté de Probabilités de Saint-Flour XXXIV-
2004. Editor: Jean Picard (2006)

Vol. 1880: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems I, The Hamiltonian Approach (2006)

Vol. 1881: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems II, The Markovian Approach (2006)

Vol. 1882: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems III, Recent Developments (2006)

Vol. 1883: W. Van Assche, F. Marcellan (Eds.), Orthogo-
nal Polynomials and Special Functions, Computation and
Application (2006)

Vol. 1884: N. Hayashi, E.I. Kaikina, PI. Naumkin,
L.A. Shishmarev, Asymptotics for Dissipative Nonlinear
Equations (2006)

Vol. 1885: A. Telcs, The Art of Random Walks (2006)
Vol. 1886: S. Takamura, Splitting Deformations of Dege-
nerations of Complex Curves (2006)

Vol. 1887: K. Habermann, L. Habermann, Introduction to
Symplectic Dirac Operators (2006)

Vol. 1888: J. van der Hoeven, Transseries and Real Dif-
ferential Algebra (2006)

Vol. 1889: G. Osipenko, Dynamical Systems, Graphs, and
Algorithms (2006)



Vol. 1890: M. Bunge, J. Funk, Singular Coverings of
Toposes (2006)

Vol. 1891: J.B. Friedlander, D.R. Heath-Brown,
H. Iwaniec, J. Kaczorowski, Analytic Number Theory,
Cetraro, Italy, 2002. Editors: A. Perelli, C. Viola (2006)
Vol. 1892: A. Baddeley, I. Bardny, R. Schneider, W. Weil,
Stochastic Geometry, Martina Franca, Italy, 2004. Editor:
W. Weil (2007)

Vol. 1893: H. Hanmann, Local and Semi-Local Bifur-
cations in Hamiltonian Dynamical Systems, Results and
Examples (2007)

Vol. 1894: C.W. Groetsch, Stable Approximate Evalua-
tion of Unbounded Operators (2007)

Vol. 1895: L. Molndr, Selected Preserver Problems on
Algebraic Structures of Linear Operators and on Function
Spaces (2007)

Vol. 1896: P. Massart, Concentration Inequalities and
Model Selection, Ecole d’Eté de Probabilités de Saint-
Flour XXXIII-2003. Editor: J. Picard (2007)

Vol. 1897: R. Doney, Fluctuation Theory for Lévy
Processes, Ecole d’Eté de Probabilités de Saint-Flour
XXXV-2005. Editor: J. Picard (2007)

Vol. 1898: H.R. Beyer, Beyond Partial Differential Equa-
tions, On linear and Quasi-Linear Abstract Hyperbolic
Evolution Equations (2007)

Vol. 1899: Séminaire de Probabilités XL. Editors:
C. Donati-Martin, M. Emery, A. Rouault, C. Stricker
(2007)

Vol. 1900: E. Bolthausen, A. Bovier (Eds.), Spin Glasses
(2007)

Vol. 1901: O. Wittenberg, Intersections de deux
quadriques et pinceaux de courbes de genre 1, Intersec-
tions of Two Quadrics and Pencils of Curves of Genus 1
(2007)

Vol. 1902: A. Isaev, Lectures on the Automorphism
Groups of Kobayashi-Hyperbolic Manifolds (2007)

Vol. 1903: G. Kresin, V. Maz’ya, Sharp Real-Part Theo-
rems (2007)

Vol. 1904: P. Giesl, Construction of Global Lyapunov
Functions Using Radial Basis Functions (2007)

Vol. 1905: C. Prévot, M. Rockner, A Concise Course on
Stochastic Partial Differential Equations (2007)

Vol. 1906: T. Schuster, The Method of Approximate
Inverse: Theory and Applications (2007)

Vol. 1907: M. Rasmussen, Attractivity and Bifurcation
for Nonautonomous Dynamical Systems (2007)

Vol. 1908: T.J. Lyons, M. Caruana, T. Lévy, Differential
Equations Driven by Rough Paths, Ecole d’Eté de Proba-
bilités de Saint-Flour XXXIV-2004 (2007)

Vol. 1909: H. Akiyoshi, M. Sakuma, M. Wada,
Y. Yamashita, Punctured Torus Groups and 2-Bridge
Knot Groups (I) (2007)

Vol. 1910: V.D. Milman, G. Schechtman (Eds.), Geo-
metric Aspects of Functional Analysis. Israel Seminar
2004-2005 (2007)

Vol. 1911: A. Bressan, D. Serre, M. Williams,
K. Zumbrun, Hyperbolic Systems of Balance Laws.
Cetraro, Italy 2003. Editor: P. Marcati (2007)

Vol. 1912: V. Berinde, Iterative Approximation of Fixed
Points (2007)

Vol. 1913: J.E. Marsden, G. Misiotek, J.-P. Ortega,
M. Perlmutter, T.S. Ratiu, Hamiltonian Reduction by
Stages (2007)

Vol. 1914: G. Kutyniok, Affine Density in Wavelet
Analysis (2007)

Vol. 1915: T. Biyikoglu, J. Leydold, P.F. Stadler,
Laplacian Eigenvectors of Graphs. Perron-Frobenius and
Faber-Krahn Type Theorems (2007)

Vol. 1916: C. Villani, F. Rezakhanlou, Entropy Methods
for the Boltzmann Equation. Editors: F. Golse, S. Olla
(2008)

Vol. 1917: I. Veseli¢, Existence and Regularity Prop-
erties of the Integrated Density of States of Random
Schrédinger (2008)

Vol. 1918: B. Roberts, R. Schmidt, Local Newforms for
GSp(4) (2007)

Vol. 1919: R.A. Carmona, I. Ekeland, A. Kohatsu-
Higa, J.-M. Lasry, P.-L. Lions, H. Pham, E. Taflin,
Paris-Princeton Lectures on Mathematical Finance 2004.
Editors: R.A. Carmona, E. Cinlar, I. Ekeland, E. Jouini,
J.A. Scheinkman, N. Touzi (2007)

Vol. 1920: S.N. Evans, Probability and Real Trees. Ecole
d’Eté de Probabilités de Saint-Flour XXXV-2005 (2008)
Vol. 1921: J.P. Tian, Evolution Algebras and their Appli-
cations (2008)

Vol. 1922: A. Friedman (Ed.), Tutorials in Mathematical
BioSciences IV. Evolution and Ecology (2008)

Vol. 1923: J.PN. Bishwal, Parameter Estimation in
Stochastic Differential Equations (2008)

Vol. 1924: M. Wilson, Littlewood-Paley Theory and
Exponential-Square Integrability (2008)

Vol. 1925: M. du Sautoy, L. Woodward, Zeta Functions
of Groups and Rings (2008)

Vol. 1926: L. Barreira, V. Claudia, Stability of Nonauto-
nomous Differential Equations (2008)

Vol. 1927: L. Ambrosio, L. Caffarelli, M.G. Crandall,
L.C. Evans, N. Fusco, Calculus of Variations and Non-
Linear Partial Differential Equations. Cetraro, Italy 2005.
Editors: B. Dacorogna, P. Marcellini (2008)

Vol. 1928: J. Jonsson, Simplicial Complexes of Graphs
(2008)

Vol. 1929: Y. Mishura, Stochastic Calculus for Fractional
Brownian Motion and Related Processes (2008)

Vol. 1930: J.M. Urbano, The Method of Intrinsic Scaling.
A Systematic Approach to Regularity for Degenerate and
Singular PDEs (2008)

Vol. 1931: M. Cowling, E. Frenkel, M. Kashiwara,
A. Valette, D.A. Vogan, Jr., N.R. Wallach, Representation
Theory and Complex Analysis. Venice, Italy 2004.
Editors: E.C. Tarabusi, A. D’Agnolo, M. Picardello
(2008)

Vol. 1932: A.A. Agrachev, A.S. Morse, E.D. Sontag,
H.J. Sussmann, V.I. Utkin, Nonlinear and Optimal
Control Theory. Cetraro, Italy 2004. Editors: P. Nistri,
G. Stefani (2008)

Vol. 1933: M. Petkovic, Point Estimation of Root Finding
Methods (2008)

Vol. 1934: C. Donati-Martin, M. Emery, A. Rouault,
C. Stricker (Eds.), Séminaire de Probabilités XLI (2008)
Vol. 1935: A. Unterberger, Alternative Pseudodifferential
Analysis (2008)

Vol. 1936: P. Magal, S. Ruan (Eds.), Structured Popula-
tion Models in Biology and Epidemiology (2008)

Vol. 1937: G. Capriz, P. Giovine, PM. Mariano (Eds.),
Mathematical Models of Granular Matter (2008)

Vol. 1938: D. Auroux, F. Catanese, M. Manetti, P. Seidel,
B. Siebert, I. Smith, G. Tian, Symplectic 4-Manifolds
and Algebraic Surfaces. Cetraro, Italy 2003. Editors:
F. Catanese, G. Tian (2008)

Vol. 1939: D. Boffi, F. Brezzi, L. Demkowicz, R.G.
Duran, R.S. Falk, M. Fortin, Mixed Finite Elements,



Compatibility Conditions, and Applications. Cetraro,
Ttaly 2006. Editors: D. Boffi, L. Gastaldi (2008)

Vol. 1940: J. Banasiak, V. Capasso, M.A.J. Chap-
lain, M. Lachowicz, J. Migkisz, Multiscale Problems in
the Life Sciences. From Microscopic to Macroscopic.
Bedlewo, Poland 2006. Editors: V. Capasso, M. Lachow-
icz (2008)

Vol. 1941: S.M.J. Haran, Arithmetical Investigations.
Representation Theory, Orthogonal Polynomials, and
Quantum Interpolations (2008)

Vol. 1942: S. Albeverio, F. Flandoli, Y.G. Sinai, SPDE in
Hydrodynamic. Recent Progress and Prospects. Cetraro,
Italy 2005. Editors: G. Da Prato, M. Rockner (2008)

Vol. 1943: L.L. Bonilla (Ed.), Inverse Problems and Imag-
ing. Martina Franca, Italy 2002 (2008)

Vol. 1944: A. Di Bartolo, G. Falcone, P. Plaumann,
K. Strambach, Algebraic Groups and Lie Groups with
Few Factors (2008)

Vol. 1945: F. Brauer, P. van den Driessche, J. Wu (Eds.),
Mathematical Epidemiology (2008)

Vol. 1946: G. Allaire, A. Arnold, P. Degond, T.Y. Hou,
Quantum Transport. Modelling, Analysis and Asymp-
totics. Cetraro, Italy 2006. Editors: N.B. Abdallah,
G. Frosali (2008)

Vol. 1947: D. Abramovich, M. Marifio, M. Thaddeus,
R. Vakil, Enumerative Invariants in Algebraic Geo-
metry and String Theory. Cetraro, Italy 2005. Editors:
K. Behrend, M. Manetti (2008)

Vol. 1948: F. Cao, J-L. Lisani, J-M. Morel, P. Musé,
F. Sur, A Theory of Shape Identification (2008)

Vol. 1949: H.G. Feichtinger, B. Helffer, M.P. Lamoureux,
N. Lerner, J. Toft, Pseudo-Differential Operators. Quan-
tization and Signals. Cetraro, Italy 2006. Editors: L.
Rodino, M.W. Wong (2008)

Vol. 1950: M. Bramson, Stability of Queueing Networks,
Ecole d’Eté de Probabilités de Saint-Flour XXXVI-2006
(2008)

Vol. 1951: A. Molté, J. Orihuela, S. Troyanski,
M. Valdivia, A Non Linear Transfer Technique for
Renorming (2009)

Vol. 1952: R. Mikhailov, I.B.S. Passi, Lower Central and
Dimension Series of Groups (2009)

Vol. 1953: K. Arwini, C.T.J. Dodson, Information Geo-
metry (2008)

Vol. 1954: P. Biane, L. Bouten, F. Cipriani, N. Konno,
N. Privault, Q. Xu, Quantum Potential Theory. Editors:
U. Franz, M. Schuermann (2008)

Vol. 1955: M. Bernot, V. Caselles, J.-M. Morel, Optimal
Transportation Networks (2008)

Vol. 1956: C.H. Chu, Matrix Convolution Operators on
Groups (2008)

Vol. 1957: A. Guionnet, On Random Matrices: Macro-
scopic Asymptotics, Ecole d’Eté de Probabilités de Saint-
Flour XXXVI-2006 (2009)

Vol. 1958: M.C. Olsson, Compactifying Moduli Spaces
for Abelian Varieties (2008)

Vol. 1959: Y. Nakkajima, A. Shiho, Weight Filtrations
on Log Crystalline Cohomologies of Families of Open
Smooth Varieties (2008)

Vol. 1960: J. Lipman, M. Hashimoto, Foundations of
Grothendieck Duality for Diagrams of Schemes (2009)
Vol. 1961: G. Buttazzo, A. Pratelli, S. Solimini,
E. Stepanov, Optimal Urban Networks via Mass Trans-
portation (2009)

Vol. 1962: R. Dalang, D. Khoshnevisan, C. Mueller,
D. Nualart, Y. Xiao, A Minicourse on Stochastic Partial
Differential Equations (2009)

Vol. 1963: W. Siegert, Local Lyapunov Exponents (2009)
Vol. 1964: W. Roth, Operator-valued Measures and Inte-
grals for Cone-valued Functions and Integrals for Cone-
valued Functions (2009)

Vol. 1965: C. Chidume, Geometric Properties of Banach
Spaces and Nonlinear Iterations (2009)

Vol. 1966: D. Deng, Y. Han, Harmonic Analysis on
Spaces of Homogeneous Type (2009)

Vol. 1967: B. Fresse, Modules over Operads and Functors
(2009)

Vol. 1968: R. Weissauer, Endoscopy for GSP(4) and the
Cohomology of Siegel Modular Threefolds (2009)

Vol. 1969: B. Roynette, M. Yor, Penalising Brownian
Paths (2009)

Vol. 1970: M. Biskup, A. Bovier, F. den Hollander, D.
Ioffe, F. Martinelli, K. Neto¢ny, F. Toninelli, Methods of
Contemporary Mathematical Statistical Physics. Editor:
R. Kotecky (2009)

Vol. 1971: L. Saint-Raymond, Hydrodynamic Limits of
the Boltzmann Equation (2009)

Vol. 1972: T. Mochizuki, Donaldson Type Invariants for
Algebraic Surfaces (2009)

Vol. 1973: M.A. Berger, L.H. Kauffmann, B. Khesin,
H.K. Moffatt, R.L. Ricca, De W. Sumners, Lectures on
Topological Fluid Mechanics. Editor: R.L. Ricca (2009)
Vol. 1974: F. den Hollander, Random Polymers: Ecole
d’Eté de Probabilités de Saint-Flour XXXVII — 2007
(2009)

Vol. 1975: J.C. Rohde, Cyclic Coverings, Calabi-Yau
Manifolds and Complex Multiplication (2009)

Vol. 1976: N. Ginoux, The Dirac Spectrum (2009)

Vol. 1977: M.J. Gursky, E. Lanconelli, A. Malchiodi,
G. Tarantello, X.-J. Wang, P.C. Yang, Geometric Analysis
and PDEs. Cetraro, Italy 2001. Editors: A. Ambrosetti,
S.-Y.A. Chang, A. Malchiodi (2009)

Vol. 1978: Q. Min, J.-S. Xie, S. Zhu, Smooth Ergodic
Theory for Endomorphisms (2009)

Vol. 1979: C. Donati-Martin, M. Emery, A. Rouault,
C. Stricker (Eds.), Seminaire de Probablitiés XLII (2009)

Recent Reprints and New Editions

Vol. 1702: J. Ma, J. Yong, Forward-Backward Stochas-
tic Differential Equations and their Applications. 1999 —
Corr. 3rd printing (2007)

Vol. 830: J.A. Green, Polynomial Representations of
GL,, with an Appendix on Schensted Correspondence
and Littelmann Paths by K. Erdmann, J.A. Green and
M. Schoker 1980 — 2nd corr. and augmented edition
(2007)

Vol. 1693: S. Simons, From Hahn-Banach to Monotonic-
ity (Minimax and Monotonicity 1998) — 2nd exp. edition
(2008)

Vol. 470: R.E. Bowen, Equilibrium States and the Ergodic
Theory of Anosov Diffeomorphisms. With a preface by
D. Ruelle. Edited by J.-R. Chazottes. 1975 — 2nd rev.
edition (2008)

Vol. 523: S.A. Albeverio, R.J. Hgegh-Krohn, S. Maz-
zucchi, Mathematical Theory of Feynman Path Integral.
1976 — 2nd corr. and enlarged edition (2008)

Vol. 1764: A. Cannas da Silva, Lectures on Symplectic
Geometry 2001 — Corr. 2nd printing (2008)

Vol. 1499: K. Taira, Boundary Value Problems and
Markov Processes — 2nd edition (2009)



@ Springer

LECTURE NOTES IN MATHEMATICS
Edited by J.-M. Morel, F. Takens, B. Teissier, P.K. Maini
Editorial Policy (for the publication of monographs)

1. Lecture Notes aim to report new developments in all areas of mathematics and their
applications - quickly, informally and at a high level. Mathematical texts analysing new
developments in modelling and numerical simulation are welcome.

Monograph manuscripts should be reasonably self-contained and rounded off. Thus
they may, and often will, present not only results of the author but also related work
by other people. They may be based on specialised lecture courses. Furthermore, the
manuscripts should provide sufficient motivation, examples and applications. This clearly
distinguishes Lecture Notes from journal articles or technical reports which normally are
very concise. Articles intended for a journal but too long to be accepted by most journals,
usually do not have this “lecture notes” character. For similar reasons it is unusual for
doctoral theses to be accepted for the Lecture Notes series, though habilitation theses may
be appropriate.

2. Manuscripts should be submitted either online at www.editorialmanager.com/Inm to
Springer’s mathematics editorial in Heidelberg, or to one of the series editors. In general,
manuscripts will be sent out to 2 external referees for evaluation. If a decision cannot yet
be reached on the basis of the first 2 reports, further referees may be contacted: The author
will be informed of this. A final decision to publish can be made only on the basis of the
complete manuscript, however a refereeing process leading to a preliminary decision can
be based on a pre-final or incomplete manuscript. The strict minimum amount of material
that will be considered should include a detailed outline describing the planned contents
of each chapter, a bibliography and several sample chapters.

Authors should be aware that incomplete or insufficiently close to final manuscripts
almost always result in longer refereeing times and nevertheless unclear referees’ recom-
mendations, making further refereeing of a final draft necessary.

Authors should also be aware that parallel submission of their manuscript to another
publisher while under consideration for LNM will in general lead to immediate rejection.

3. Manuscripts should in general be submitted in English. Final manuscripts should contain
at least 100 pages of mathematical text and should always include

— atable of contents;

— an informative introduction, with adequate motivation and perhaps some historical re-
marks: it should be accessible to a reader not intimately familiar with the topic treated;

— asubject index: as a rule this is genuinely helpful for the reader.

For evaluation purposes, manuscripts may be submitted in print or electronic form (print
form is still preferred by most referees), in the latter case preferably as pdf- or zipped
ps-files. Lecture Notes volumes are, as a rule, printed digitally from the authors’ files.
To ensure best results, authors are asked to use the LaTeX2e style files available from
Springer’s web-server at:

ftp://ftp.springer.de/pub/tex/latex/svmonot1/ (for monographs) and
ftp://ftp.springer.de/pub/tex/latex/svmultt1/ (for summer schools/tutorials).



Additional technical instructions, if necessary, are available on request from:
Inm@springer.com.

4. Careful preparation of the manuscripts will help keep production time short besides en-
suring satisfactory appearance of the finished book in print and online. After acceptance
of the manuscript authors will be asked to prepare the final LaTeX source files and also
the corresponding dvi-, pdf- or zipped ps-file. The LaTeX source files are essential for
producing the full-text online version of the book (see
http://www.springerlink.com/openurl.asp?genre=journal &issn=0075-8434 for the exist-
ing online volumes of LNM).

The actual production of a Lecture Notes volume takes approximately 12 weeks.

5. Authors receive a total of 50 free copies of their volume, but no royalties. They are entitled
to a discount of 33.3% on the price of Springer books purchased for their personal use, if
ordering directly from Springer.

6. Commitment to publish is made by letter of intent rather than by signing a formal contract.
Springer-Verlag secures the copyright for each volume. Authors are free to reuse material
contained in their LNM volumes in later publications: a brief written (or e-mail) request
for formal permission is sufficient.

Addresses:

Professor J.-M. Morel, CMLA,

Ecole Normale Supérieure de Cachan,

61 Avenue du Président Wilson, 94235 Cachan Cedex, France
E-mail: Jean-Michel. Morel @cmla.ens-cachan.fr

Professor F. Takens, Mathematisch Instituut,
Rijksuniversiteit Groningen, Postbus 800,
9700 AV Groningen, The Netherlands
E-mail: F.Takens @rug.nl

Professor B. Teissier, Institut Mathématique de Jussieu,
UMR 7586 du CNRS, Equipe “Géométrie et Dynamique”,
175 rue du Chevaleret,

75013 Paris, France

E-mail: teissier @math.jussieu.fr

For the “Mathematical Biosciences Subseries” of LNM:

Professor P.K. Maini, Center for Mathematical Biology,
Mathematical Institute, 24-29 St Giles,

Oxford OX1 3LP, UK

E-mail: maini @maths.ox.ac.uk

Springer, Mathematics Editorial, Tiergartenstr. 17,
69121 Heidelberg, Germany,

Tel.: +49 (6221) 487-259

Fax: +49 (6221) 4876-8259

E-mail: Inm @springer.com



	BOUNDARY VALUE PROBLEMS AND MARKOV PROCESSES, 2ND ED.
	Springerlink
	Title Page
	Copyright Page
	Dedication
	Preface to the Second Edition
	Preface to the First Edition
	Contents
	Chapter 1. Introduction and Main Results
	Chapter 2. Semigroup Theory
	2.1 Analytic Semigroups
	2.1.1 Generation of Analytic Semigroups
	2.1.2 Fractional Powers
	2.1.3 The Semilinear Cauchy Problem

	2.2 Markov Processes and Feller Semigroups
	2.2.1 Markov Processes
	2.2.2 Markov Transition Functions
	2.2.3 Path Functions of Markov Processes
	2.2.4 Strong Markov Processes and Transition Functions
	2.2.5 Markov Transition Functions and Feller Semigroups
	2.2.6 Generation Theorems of Feller Semigroups


	Chapter 3. L^p Theory of Pseudo-Differential Operators
	3.1 Function Spaces
	3.2 Fourier Integral Operators
	3.2.1 Symbol Classes
	3.2.2 Phase Functions
	3.2.3 Oscillatory Integrals
	3.2.4 Fourier Integral Operators

	3.3 Pseudo-Differential Operators

	Chapter 4. L^p Approach to Elliptic Boundary Value Problems
	4.1 The Dirichlet Problem
	4.2 Formulation of a Boundary Value Problem
	4.3 Reduction to the Boundary

	Chapter 5. Proof of Theorem 1.1
	5.1 Boundary Value Problem with Spectral Parameter
	5.2 Proof of Estimate (1.2)

	Chapter 6. A Priori Estimates
	Chapter 7. Proof of Theorem 1.2
	7.1 Proof of Theorem 1.2, Part (i)
	7.1.1 Proof of Proposition 7.2

	7.2 Proof of Theorem 1.2, Part (ii)

	Chapter 8. Proof of Theorem 1.3, Part (i)
	8.1 The Space C 0 (D̅\M)
	8.2 Sobolev’s Imbedding Theorems
	8.3 Proof of Part (i) of Theorem 1.3

	Chapter 9. Proof of Theorem 1.3, Part (ii)
	9.1 General Existence Theorem for Feller Semigroups
	9.2 Feller Semigroups with Reflecting Barrier
	9.3 Proof of Theorem 1.4
	9.4 Proof of Part (ii) of Theorem 1.3

	Chapter 10. Application to Semilinear Initial-Boundary Value Problems
	10.1 Local Existence and Uniqueness Theorems
	10.2 Fractional Powers and Imbedding Theorems
	10.3 Proof of Theorems 10.1 and 10.2
	10.3.1 Proof of Theorem 10.1
	10.3.2 Proof of Theorem 10.2


	Chapter 11. Concluding Remarks
	Appendix A. The Maximum Principle
	References
	Index
	Lecture Notes in Mathematics



